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ABSTRACT

Development and velidation of & Darrieus wind turbine
aerodynamic performance prediction model is described.
Using a fixed-wake approach, the model combines some of
the more desirable features of vortex/lifting line and
conservation of momentum/streamtube approaches. The
model thus accounts for up~ and downwind differences that
are predicted by vortex approaches while retaining the
short computer run times found with streamtube models.
The model treats the effects of stall, curved blades, blade
pitch, and blade attachment location. Results agree with
those obtained with Sandis Nationsal Laboratories' 17-m-
diameter Darreius VAWT.
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No. 42-2967
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SUMMARY

A Darrieus rotor performance prediction model using a fixed
wake approach has been developed and is operational. The model
combines some of the best features of vortex and streamtube ap-
proaches in that it accounts for fore-and-aft differences that
are predicted by vortex approaches while retaining the low run
times asscociated with streamtube theory. The analysis treats the
effects of stall, curved blades, blade pitch and blade attachment
location.

The results have been compared to test data from the 17 meter

Sandia reotor. Agreement is good.
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OBJECTIVE

The objective of this contract is to reduce Darrieus Rotor
Cost-of-Electricity (COE) using passive aerodynamic schemes. COE
is governed by the energy capture and the machine cost. Increased
aerodynamic performance increases energy capture, however, as
the results of current Sandia tests yield measured power coeffi-
cients over 0.40 (up to 0.46) it appears that improvements in COE
will come from decreasing machine cost rather than increasing aero-
dynamic output.

Reductions in the machine cost come about in several ways
in which aerodynamics plays a significant role. These are:

1. Increasing Retor Rpm. The gearbox represents a signi-

ficant fraction of the total machine cost. By increasing

rotor rpm, peak gearbox torque and therefore gearbox cost

)

can be reduced,.

2. Decreasing Kp) Critical and expensive components

Max”®

of the rotor are sized by the maximum output of the rotor
which occurs at Kp)Max' The maximum rotor output occurs
at high speeds where the total hours of rotor are small.
There are two penalties incurred by a rotor which has a
high value of Kp)Max'

First, the drive train and generator must be larger.
This increases the cost part of the COE both in the

initial investment and in the operation and maintenance

term.
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Secondly, since the gearbox and generator are
oversized, the energy losses associated with partial
load operation are greater. Net energy production in
1ight winds is reduced. Additionally the total annual
hours of operation is reduced.

Decrease Service Factors. Because of the lack of cer-

tainty concerning the value of Kp)Max and the lack

of availability of gearboxes and generators in a con-
tinuum of sizes, the drive train and generator that are
installed in a Darrieus Rotor will have a rating above
that required to accommodate Kp)Max' The ratioc of in-
stalled capacity to required capacity is the service
factor. While some margin of safety is desirable, re-
duction of service factors can decrease COE for the
reasons given in item 2. Such reductions require in-

creased confidence in predicting Kp)Max'



APPROACH

The approach to tailoring the Cp curve to reduce the cost
of energy involves the adjustment of the aerodynamic configuration
of the rotor blades. The rotor chord, pitch and airfoil section
are the principal variables, however, with the use of extruded
blades, local variations in chord size are not possible. Rlade
pitch and camber are then the variables that will be examined to
tailor the rotor ﬁerformance to decrease the COE.

Machine costs can be determined from the Sandia Optimization
Code for a given rotor configuration while the rotor performance
curve must be generated from an aerodynamic analysis.

The initial step that we have taken is the development of a
simple, inexpensive model for aerodynamic performance of a Darrieus
Rotor. The following six chapters detail the development and com-

parison of the theory to test data,
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CHAPTER 1
THE QUAST-STEADY AERODYNAMICS OF A PITCHING AIRFOIL

In this chapter, the aerodynamic forces and moments acting
on a pitching airfoil are derived. The force system is found
to consist of three parts: The Kutta-Joukowski force acting at
quarter chord; a leading edge suction force; and a moment. The
effective angles of attack for evaluation of this Kutta-Joukowski
force includes the pitching velocity at the three-quarter chord
point, however, the angle at which the Kutta-Joukowski force acts
does not include the pitching velocity.

Consider a right cylinder as shown below in Figure 1-1.
The coordinates x,y are locked in the cylinder which is rotating
with angular velocity f and translating with velocities Ux and UY

By transforming the cylinder (actually a flat plate) into a circle,

Figure 1-1 - Moving Cylinder



the complex potential may be written using the boundary function
(1). Letting the complex velocity Q = Ux - in, the boundary

function B(z) 1is given by
B(z) = Qz - Qz - ifzz
Transforming to the circle plane, z = f(z) and we obtain
B(c) = Qf(z) - Qf(z) - i9f(z)(z)

With the transformation z = g + rz/g, where v = ¢/4, the airfoil
of chord ¢ is transformed into a circle of radius c¢/4. Using
the above transform

2 2 2 2

B(z) = Q(z + ) - QE + ) - i0(c + )@+ )
¢ A

on the circle ¢z = rz so that the boundary function becomes

= r2 r2 2
B(z) = (@ - Q)(z + ¢) - i0(z + &)

which indeed is a function of f alone. Now the boundary function
Bl(C) contains only the negative powers of £ and is equal to the

complex potential. Thus

B,(zg) = W(g) = (Q - Q)



If there is circulation, we may add a vortex at the origin (cw is

positive) giving

e rz iT r4
I'V(C)z(Q’Q)E;‘”+§?1nC‘1“C_z

The complex velocity in the circle plane is

and in the cylinder (airfoil) plane

dW _ dWw 1 _ aW 1

Thus, noting ¢ - ¢ = —Zin

] 4
_ - ir - T 2, 2
q = {ZLUY + LT + 210 CS]/(1 r7/c™)

At the trailing edge ¢ = 1, we employ the Kutta condition. Thus
the bracketed term must vanish and we obtain the value of T re-

quired to meet the Kutta condition.

Let the system velocities be as shown in Figure 1-2. The airfoil

as 1llustrated is now rotating about Point A.



£
Figure 1-2 - System Velocities

From the figure, it may be seen that

X

U =V sina + CQ(l -2
y Z c

Substituting into the expression for the circulation

- . 2,.3 %5
T = ~(wcV sina + 7cC Q(K - =%)}
C
or
z P
r = - 7c(V sinag + CQ(E - Eg}}

where the bracketed term is the velocity normal to the airfoll at

the three-quarter chord position.

The force on the airfoil may be determined from the extended

Blasius Theorem. Using the formulation developed in (1) and

neglecting wake terms, the conjugate force is given by



=xt

F oz X - 1Y = ipQr - 9p J{ z di

C

where the integral is evaluated over the airfoil contour. Now

letting

iz = { zdW = j z %2{ dz
o C C
2 2 . 4
T T . T T . Qr
I2 —-}Z (¢ + E—~)[21Uy 27 + T + 21 ggw}dg

Since the airfoil contour in the ¢ plane is a circle, the result

18 simply the residue or

i, = —4ﬂr2U = - EEE U, =1
z y 4 Ty Z
Thus
= . me
F = ipl'Q + p 7 QUY
From Figure 1-2
S U = iU = -V cosa - iV sing - icn(k - 9
Q=U =1 y osa ¢ 2 ¢
or
ig 1 *o
Q= -Ve icfi(z - E"}

The conjugate force is



. X
F= -ipV rel® + pca( - 22 + o5 au

y

The first term shall be called the Xutta-Joukowski force, F

KJ°
The line of action of this force is -ie”™ so Fyy acts along
(«ielu}. Now
Jiel® el(a+3ﬁ/2) - el(u—ﬁ/Z}
so that

KJ

In Figure 1-3, the directions are illustrated. For this case T

is negative.

e o

Figure 1-3 - Kutta-Joukowski Force



The velocity We is observed to be the velocity relative to the
airfoil rather than the velocity of the airfoil through the
static fluid.

The remaining terms of the conjugate force are real indi-
cating that they must arise from leading edge suction. Calling

these terms T, where F_ acts in the (-x) direction

T T
ﬁcz 1 Xo
FT = “DQ(“ZW Uy + C(g" E_)F)
or
HCZ 1 Xo
Fro= -0 T all, - (3 - gD U, + ca)]
and since
1 %5 1 %
Uy =V sino + cn(fA— E~J = *W651nu + CQ(7~— E_)
which becomes
F. = T*"CZQ[(J, . LXO)W sing + c(1 - 2 iq)z
T T PTY c g tNU C ]

A moment also acts on the airfoil. Again using the extended

Biasius Theorem neglecting unsteady terms, the moment about the

origin {ccW+} is

2
M = Real[qu zdW] = pQ, 4 E%- Uy
C



where QReal = -V cosg = —We cCosa.

Expressing Uy in terms of T

3
1 = ol - L o TC 8
M = pwe cosa {(-T) 73 pwe coso —y¢

The first term is a counterclockwise moment (recall I' is
ner itive for this case) about the origin due to the Kutta-Joukowski

force (i.e., F c/4 cosa). This shows that this force acts at

XJ
c/4. The second term is a pure clockwise moment. The resulting

forces on the airfoil are illustrated below, where

ﬂCBQ

Mc/4 = pWe_cosa 5

Generalizing the results to a Darrieus Rotor blade that is
situated at'angle vy with respect to the axis of rotation of the

rotor, the forces and moments are as shown in Figure 1-4. The

F

Figure 1-4 - Aerodynamic Loading of a Pitching Airfoil



individual terms may be determined from

! 2
Fxg = 7 oW cCp (ag)
W sina + cf cosy(é - 59
o = tan_l ( € 4 = )
E W_ coso
e

e 4Xo . ZXO 5

Fr = p—7— Qcosy[(1 - —)W,_ sina + c@ cosy(l - — ]
M = pW cosu EEE icos

c/4 Pl 16 ¥

The effective angle of attack, rs is observed to include the
pitching velocity at the three-quarter chord position.

When the airfoil is pitched at angle B as shown in Figure 1-5,

Z.L.L.

Z.L.L.

- Figure 1-5 - Pitching Airfoil at Angle B



the loading may be further generalized. Using the zero 1lift line

of the airfoil as a reference, the angles «, Cos Op and £ are
defined.

Since Darrieus Rotor velocities are usually given 1n terms
of Vn and Vt, the effective angle of attack, Op which includes
the pitching velocity, cQcosy(3/4 - xo/c), will be expressed in
terms of these velocities.

. oy s
V. oo+ W831na Vp + Vncosﬁ \t51n8

tang, = P = -
E WeCOSG VtcosB + Vn51n8

The loadings become:

1 2
Fyg = 7 PWg cCplep)
TC Ax 2% 5
PT =0 7 gcosy[(1 - —Emjw651n(a0 -B) * cfcosy (1l - —E—) ]
3

~ _ TC
Mc/4 = pwecos(ao B) 16 Qcosy

10



CHAPTER 2

POWER

The local torque developed on a Darrieus Rotor blade element
is derived considering contributions from 1ift, drag and moment.
The Kutta-Joukowski term is the only wake-producing term and thus
controls the power.

Consider an element of a Darrieus Rotor blade as shown in

Figure 2-1.

Figure Z-1 - Darrieus Rotor Blade Geometry

The local unit vectors may be expressed in terms of the

unit vectors i, i, k;

11



Fes -~

i cos® + j sind

@ >
1l

T

ey = -1 sin® + j cosd

~ el -

e, = -e_Cosy - k siny
= k cosy - e_sin

en Y T Y

The blade rotates counterclockwise about the z axis. 1In order
to determine the local effective wind on the airfoil, We’ we de-

fine the following local velocities;

Local relative velocity due to rotation -rQle

Local wind -V 3

The relative velocity is given by

The spanwise component does not contribute to the 1ift or

drag, so
We = (W-ee}ee + (W-e, e,

or
= - ~ . ) -~
We (ra = Vacose}e8 + (f351ne cosy)e,

So we find that

12



= - r i}
Vt = rH + Vacose VR(R X + {1 ai)cosei)
Vn = V851ne cosy = VR(l - ai)51nei cosy
where
Xa = VR(I - ai) and X = (RQ/VR)

From Chapter 1 we find that

civr3 . %o ) . r _
ang cosy(ﬁ)X(Z Eq)+(l ai)51neicosyc058*(§X+(1—ai)cosei)51n6
E T - :
(§X+(l‘ai)cosei)C058+(l-ai)51neic05YS1nB
cosysind. (1-a.)
tane = - L 1
RY + (1»&1](:059i
and

W

(Vi)z = {% X + {1 - ai}cose)2 + coszy sinzei(l - ai)z

The loading on the airfoil is shown in Figure 2-2.
An element of blade of length ds with differential loading

as shown develops a torque dQ about the axis of rotation.

~

dQ = -dMep-k + (L x [etdFt * e dF .+ e dF;1}-k

where
e, = e Ccosf - & sin
t & + B
LT @ CO0Sn + e _sina
kJ- & G
= g sin - & _CcOosg
W & 8
— ~ X 0 1 ~ A
L =re + c{— - 7)e, = 1 + c*e
T ( 4) t t



Figure 2-2 - Blade Loads

The torque may be rewritten as

dQ

where

éQM

dQy,

th

1

LI}

]

dQy *+ dQy + dQp; + dQy

- dM _ dM
-dM cosy = - S ds cosy = -dz Iz
—pWe cos(ao - 8] %gm 2 cosy dz
- ~ ~ dFt
(L x et}-k I ds

14



Thus, the leading edge term Ft yields a torque

rcoSB TrCZQ{(]_ -4 iﬂ)w sin( - B) + clcosy(l - 2 T0y2 d
b7 C e %o 0>y Em) 1dz

I

th

The Kutta-Joukowski contribution is

- ~ dF
dQ; = (L x ey )wk —agi ds
dFKJ
= i * i}
(r51nao + c*cosy cos(ao B1) a5 ds
1 ? rsinaadz 1 2
= = = : ® i}
dQKJ 5 P WecCL(aE) Cosy 5 P WecCL(uE)c cos(ao 81dz
Finally the drag yields
= (T x o 1.k = (- % : .
dQD (L x ew) k dFD ( rcosa  + c*Cosy s1n(ao B))de
1 5 rcosaodz 1 7
= - = \ - ° e *qi -
dQD 5 0 hecCD(aE) Cosy t 5P WecCD(uE)c 51n(ao Rldz

15



The blade circulation, T', is given by

T = —ﬁc(VncosB - Vtsins + cﬂ(% - gg)cosy)
As the wind speed gces to zero, the circulation does not go to zero.
The remaining circulation is the bound circulation Fp- Since the
bound circulation leaves no wake, it cannot do any net work. The
Kutta-Joukowski term includes the bound circulation term. We
shall determine the torque produced by the bound circulation
and subtract it from the net torque in order to insure that no
net work is produced by this term.

As the wind speed goes to zero

2.3 *o
I, = mcrlsinfB - w¢ Q(Z - E—)cosy

B

The instantaneous torque produced is

dQB . ~ -~ -k -
I = Bk-[r x p(we X FB)]
using the vector triple product and noting that Ty = -Tpeg
dQB .
I mpBrFBVa51nei
where Va 2 VR(l - ai)
Thus for arbitrary 1ift curve slope, CL , we obtain

o

16



DQB

5 = -CLQ(§EJX(§)(1wai)sinai[(§)sins—(%Jcosy(é - =21

where

DQ _ dQ
Dz dz

1
2.2
QVRR

o bt

Summing the total of the other terms for B blades and subtracting

the contribution of the bound circulation and adding a contribution

from CM(QE) yields
//’Wé 2 Bc

B (R ]
P W 'ROR

3

CL(uE)sinaO—CD(uE)cosaO]

COs5Y

ey 25612 %0 - 1) 10 (a Jcos (o -8) C (an)sin (o )
vg (§ (E_ T p (eplcos(a] plop s:m(uO B} 1]

)b (S (D) (1- ) sina -8)
(vg) (ﬁ' X= (5 ——J)sin(a, B

2x
c. 3,271 O~ 2
21PXT(E) (1- —2) “cosy

8
i

B(

i
N,

W

- 3
~B(v§)(%) chos{ao~6)cosy
R

we 2. ,CH2

(%EJ(%)X(l-a]Sine[(%}CL(B)'ZN(%)Cosy(% - 29

\
\"\-.._ .
At first glance it would appear that there are a great number
of power terms. In praétice, only the Kutta-Joukowski term (devoid
of bound circulation) produces any wake. Thus, the remaining

terms are cosmetic and can be ignored unless instantaneous torques

are required.

17



CHAPTER 3

INDUCED VELOCITY

In order to determine the power, the local value of a is
required. Let us use a streamtube approach and equate the
windwise momentum change to the mean blade force.

The streamtube is illustrated in Figure 3-1.

,LWIND
"V e

Figure 3-1 - Streamtube

Here ax = rdolsing}.
So

dF«j = pVar[SlnﬁldeZ AV, , AV <0

The blade force is

18



- 0 = T.Bde
(dLF'J + dLR'JJ"Z"%_

Now the leading edge suction terms do not contribute to the

mean wake, thus

2 ds " - A

T.5 . L ! L i .
dL+j = 5 P heCLc Cosy {cosao e, + sznuoee} i
. 1 2 dz . .
= - 50 WeCLc Tosy (cosmos1n8cosy-51nuocose}
Expanding

1

Wecosaocosysine {rQ+Vacose)sin8cosy

-W851na0cose = ~{Va51ne)cosecosy
so that
o 1 .
I L] s - —
dLej 5 0 WeCLcdz rsingd
and
Bde , ;= =, _ 1 . de
fE*(dLi'J} = 5P We CL’C rQ51n8i dz 5

i i
Now the momentum change 1is

~

—

dPy-j = -ZQVZT;Sine]a(lwa]dedz

R

Equating the momentum change to the blade force where the

momentum change is a function of a and blade force depends upon

aLocal(aF or aR)

19



2 W e W

v e
2, . _ n.de PR F : R .
—ZpVR151n8|a(1-a)rd8dz——Bc7¥ —5— ﬁX {VT“CL 51n6F+ V__CL SIDBR}
R F R R
canceling common terms
C W C W
L e L e
. a1. Boy F TF . R R _.
4a(l-a)ising|= 5 h[zﬂ 7 simbp 4 —— ¢ s1n6R]
R R
Since 51n8F > 0, 51neR = ~51n6F
C W C W
2(1-2) - BeX bp ep  lp °R,
T 4R 27 VR Zm VR

Here the effects of the bound circulation cancel (i.e., T = %CLW)'

20



CHAPTER 4

VORTEX RELATIONS

Now we proceed to obtain a rela-
tion between ap and ap- Consider an
airfoil traversing the path shown.
Between A and B the airfoil moves
parallel to the free stream and
generates no force. At point B,
the airfoil suddenly changes direc-
tion and moves across the wind,
generating both 1ift and circula-
tion. Again at point €, the direc-
tion of motion is changed and vorti-
city is again shed, although the
sign of shed vorticity 1s opposite
that shed at B. The wake system
that is generated is illustrated.

The magnitude of the local circula-
tion is shown. The direction is
indicated by the arrows. We may ’
take certain liberties with the
illustrated path without changing the

wake pattern.

21
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Figure 4-1 - Airfoil and
Vorticity



In Figure 4-2 at the right, the
distance £ has been reduced relative
to the distance AB and the paths BC
and DA have been made to conform with
the path of a Darrieus Rotor blade.
Thus, we have a streamtube of a
Darrieus Rotor. C{onsidering the
flow in other streamtubes to be
similar, we arrive at several "theorems."”

1. Since the flow along BC

is influenced only by the
flow inside the vortex

street shed by BC, we rab
have "independence of

the elements."

Z. As the streamtube gets
smaller in.width the wake
from BC appears as a semi- Figure 4-2 - Darrieus
Streamtube
infinite vortex street. The
resulting induced velocity at
the front is due only to the
semi-infinite wake of the front,
i.e., AUF " F% only.

3, The rear station "'sees'" an infinite wake due to F%

and a semi-inifinite wake due to Fﬁ. The rear all

depends upon both Fé and Fee

22



In analytical terms we may write

Au kliF%|= a.Vv

F'R

and

1 1 =
Au kZ(ZITP|+|FR]) a Vv

R

In the far wake

= 1 1 =
ko (2]TL+ 2|Th]) = 2a,V

uWake W R

Here k relates vortex spacing and strengths. When the finite air-
foils become a continuum of airfoils, all the ki are equal and

we obtain

u
W
Aup - Aup = K(|TEHi+[TRD) = 5=
or
a
- =_._E'Y.:
ap apn 5 = a
Au I! a
and LI {,F} alie £
Bug 21FP|+|FRi ap

Using uniform sign convention for I'', positive circulation

being counterclockwise, one obtains

23



and

These relations are exactly the same as developed by Holme
in this 1876 paper.® There remains the proper indentification
of ', The circulation to be used involves only the shed vorti-
city. Hence if we denote the total circulation by ?T and the

bound circulation by Ty then

Bound circulation arises from several sources. If the blade is
pitched at angle B as shown, there is a bound circulation

= . C
T = 5 TR CL(B)

B)B

Figure 4-3 - Blade Pitch Angle

From Chapter 1, the bound circulation due tec pitching is

*Holme, C. "A Contribution to the Aerodynamic Theory of the
Vertical-Axis Wind Turbine,”™ BHRA International Symposium on

Wind Energy Systems, 9/76.
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‘L

2 3 xo 3
T,y .. = 1cC QCOSY(E - E%}(fﬁm

Thus with m = CL /2w
L

' = 7T -mwczﬂcosy(é - 59)
T 4 C

making I'' dimensionless

C. (8}
_ I c, 2 3 Xo cr .« L
7 = e - - —_ = —— —_ =
ro= VR Pp-mr () "Xeosy (7 - =) * g g X 5
W
=S ooy - lc e
Fr =7 0% 1 3R Vx Cr
Thus
We x
F C 3 7o r
pro oy by "Gy gReosyly - ) ot gXCL(R)
F _ "R F s
?g ) We X
R - < 3 _ o Tvp
7 CL CL RXCOSY[4 z ) o+ RALL{B)
R R o
W
. €1 rx
as sind -0 vi— Tt (l—ai)

C = C (Of. -8) ES ZT{m[ c B}
L L E T -
ﬁx + (1 ai)
1 3 -
EE 97+2ﬂm(1 aP) _
'y ;Zﬁm(1~aR)
Then as sin® » 0 ap = ap = a = 0.

Numerical checks have been made to verify the analytical

development. Using idealized aerodynamics, (CL:Zﬁsina, CD=0),

25



it has been verified that:

1. is bounded by the Betz Limit for any pitch angle.

CP)Max
Z. The Xutta-Joukowski term produces the only net power

output.

26



CHAPTER 5

DARRIEUS ROTOR TEST DATA

In order to evaluate the accuracy of the theory developed
in the previous sections, a comparison with test data is in order.
The Sandia 17 meter and 5 meter machines offer the best source
of test data taken over a range of operating conditions.

Two methods of data presentation are used. TFigure 5-1 on
the next page illustrates a power coefficient versus tip-speed
ratio plot at various rpm. In this type of presentation, the
low-wind-speed operating characteristics are easily illustrated.
Maximum Cp and the effect of rpm (Reynolds number) are easily
seen. The data used to plot Figure 5-1 éame from Sandia 17
Meter test data. The geometry and physical characteristics are
given in Appendix C.

Motoring of a rotor at low wind speed yields power require-
ments as X - «, Such information can be used to determine the
drag data. As shown in Chapter 2, the pitching terms do not
contribute any net power when there is no induced velocity.
Hence the motoring power input can be used tec determine drag.
Appendix D gives the calculation details. The results indicate

= 0.00705.

that at 38.7 rpm C_, = 0.00342 and at 42.2 rpn, CD

D
0 0
From Figure 5-1, 1t may be noted that the peak measured Cp is

about 0.46 which 1is quite high. A Cp of 0.46 is also consistent

with CD = 0.00342 which suggests a laminar boundary layer. The
0

Eppler data for the NACA 0015 section, shown {in Figure D-1, when

27



I'7 METER TESTS

s 50.6 RPM
0 46.7 RPM
X 42.2 RPM
e 38.7 RPM

X2 X
» A
Qe
%
- Y © A
é@ e
o X
X
A
X
| ] | | } ]
2 4 S} 8 1O

RO/V

Figure 5-1 - Sandia 17 Meter Test Results. Each Data
Point Represents At Least 1000 Samples.
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compared to calculated values of CDO gives qualitative support
to the idea that a laminar boundary layer exists up to Re = 106.

While the Cp plot clearly illustrates the effects of flow
variations at high tip speeds usual operation of Darrieus rotors
1s at constant rpm. Maximum rotor output at constant rpm occurs
at low tip speed ratios where blade stall rather than CDO controls.
Figure 5-2 is a plot of Kp = P/(% p(RQ)BA) versus V/RQ for the 17
Meter machine. UHere the rpm has a large effect on peak output.
It has been suggested that dynamic stall controls peak machine
output.

At low tip speed ratios (high wind speeds) most of the work
is done by the advancing blade since the angle of attack is
smaller when the relative wind is larger. The advancing blade
also has a larger Reynolds number. In Appendix D, the Reynolds
number range is plotted against V/RQ. These plots illustrate
that the advancing blade Reynolds number varies considerably

for the 17 Meter tests and supports the concept that dynamic

stall may be the cause of the rpm effects.
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Figure 5-2 -~ Sandia 17 Meter Test Results. Each Data
Point Reperesents At Least 100 Samples.
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CHAPTER 6

ANALYTICAL RESULTS

The theory developed in the previous chapter has been com-
pared with Sandia 17 m test data. Calculations were made using
the Eppler tables suppled by Sandia for a NACA 0015 airfoil at
a Reynolds number of 166. Figures 6-1 and 6-2 show the fixed
wake theory. Table 6.1 below gives the test Reynclds number for

each rpm.

Table 6.1. Test Reynolds Numbers.

RPM Re Z Rc/v
38.7 1.15'106
42.2 1.25°106
46,7 1.39-106
50. 6 1.50+10°

In Figure 6-1, theoretical predictions are illustrated

for the Eppler data which has C,, = 0.0074 and for the Eppler

D
0
data modified to have CD = (0.0037 which was the calculated
0
value of CD from motoring tests (see Appendix D). The pre-
0

dictions using the lower value of C agrees qualitatively with

D
0
data, however, there 1s still far from perfect agreement. The

variation of 1ift with Reynolds number was not considered nor
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| ! | ] ] !
% 2 4 6 8 ! o\ 12

RE/V

Figure 6-1 - Fixed Wake Theory and Test Results
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X SANDIA TEST 42.2 RPM
- FIXED WAKE THEORY

Figure 6-2 - Fixed Wake Theory and Test Results
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were the local changes of CD with Reynolds number. With a laminar
boundary layer, such changes will be greater than in the case of
a turbulent boundary layer.

Figure 6-2 illustrates the 42.2 rpm test data. In this case,

the measured C is suggestive of a turbulent boundary layer and

Dy

is in general agreement with the Eppler data (CD = ,0071). Agree-
0

ment between theory and test results is good. At higher rpm as

Figure 6-3 illustrates, the agreement is not as good as at 42.2

p Were available for 46.7 rpm or 50.6 rpm.
0

At low tip speed ratios, the agreement between theory and

rpm. No data on C

test is poor. Below a tip-speed ratio of 3, the 17 m test results
show a significant rpm effect which has been thought to be due to
dynamic stall. This effect was not included in the calculations.
The effects of blade pitch angle were examined numerically
for this 17 m rotor geometry. Using Eppler airfoil data for
Re = 106 and X, = 0.38c, rotor power coefficients were determined
over a range of operating conditions. These results are shown
in Figure 6-4(a) and 6-4(b). The results show an increased out-
put for slightly positive pitch (leading edge out). The effect
was greatest at X = 3 and greatly increased Kp)Max' The type of
blade pitch illustrated in Figure 6-4 corresponds to a rotation
of this chord only. Sandia 5 m tests with blade pitch involve
blade translation as well as rotation. Thus the 5 m test geometry

is different than shown in Figure 6-4 and no comparison can be

made.
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Figure 6-3 - Fixed

Wake Theory and Test Results
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APPENDIX B

LINEAR AERODYNAMICS

The solution using linear aerodynamics can be obtained.

From Chapter 3 we recall

CL W CL We
a(l-a) = BeX (F °F R R
4R Zm VR 2 VR
Using CL = 2Mm sin(ue—B) = Zﬁm(sinao+Aa—B), we note Aa =

c/RXcosy(3/4—xO/c)/(XL+(1«a)cose) is small so that sin Ao =

cos Ao = 1. Thus

c05851nao
CosBcosa Ag
C s
Lo
Zmm
sinBsinaOAa
“SlHBCOSGO
W
now —E-COSu = X.+ucosh
VR 0 L
and
We
vm-51nuo = uCcosysing
R
Thus
chosBcosysine
CLF WEF uPCOSB
Zmm V uF51nBcosys1neup/(XL+chose)
-(XL+UPCOSB)Sin8

4¢

Ao,



and

uRcosBcosysine

“1U,COS B
LR WeR P' '
T VE- = [ugsinBcosysinguy/ (x; +upcose)
+(xL+uRcose)sinB
X
Syl o
up = g XG - gcosy

Thus

When

we obtain

(uP+uQ]c058cosys;n6 ‘
up Up

)
L *UpCoSs X +u coss

BemX . .
R uP51nBCOSY51n8[X

{l-a}a

(u »uF)cosasinB

R
B = 0, a simple solution is obtained.

BemX
4R

il

a(l-a) cosy51n6(2—aR—aP)

From Chapter 4 we find for this case

1 -
Rl
i -
TF 1 aF
iﬁ s, l—aR
aF 1-aF
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using dp-dp = a

a. = 1-¥l-za
F 2

a. = 1+Za-v1-Za
R 2

The equation for a becomes

BcemX
4R

all-a) = cosvysinB(l-a+vy1I-23a)

setting Bzgx cosysin@ = z, we assume a value of a, calculate

Z,s ap and ap- The table below gives the induced velocity field

as a function of zO

Note that as Z, + 0.5

7 ( z, i 220)

Z, a ap ap
L0502 .10 .0528 .1528
L1016 .20 L1127 L3127
L1576 .30 . 1838 .4838
L2292 40 L2764 6764
L2857 A5 L3419 .7919
L3467 .48 L4000 . 8800
. 3836 .49 L4293 .9193
L4132 .A495 L4500 L9450
L5000 .50 .5000 1.0000
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Since zo) = 0.5, the theory predicts

Max

Xy o= e
“Max Bc/R mcosy

which for 2 bladed machines is about (C/R)—l

With blade pitch the equations become more difficult to deal with.

First we return to the expression

a
-

2l

ER I e
il

[
¥

=
|2

-

where the ratio of circulation is needed.

For v = 0

1-ap sin(6+R)
l—aP sin(9-p)

¥
'R

.
I1R

The effects of pitch on power, however, cannot be determined

analytically.

Power

For zero pitch and large number of blades (up + 0) we can

determine the power

W C, {0 )sina
0 2n2 B 2
dP = 0dQ = SoVeR (F9) () D) ° e a2
R

COSY

but as up + 0, o, > o, SO that

4G



W W

Vr

Thus, since GR = —SF = B

_ 9 2,2 .Bc r 22y 2
dp = prVRR (§M)2wm(ﬁ)dz cosysin B(UF+uR)
but

ubrul = (1-a)[(1-a)+/I77a)

and

a(l-a) = (%S) %ﬂ cosysinfd(l-a+v/1-2a)

so that

dp = 4ﬂ(%pV§2r)sin8a(1»aJ2dz

Defining a local power coefficient

dp
1 3
L ?pVRZrdz

]
i

drsinea(l-a)’

D]
H

T
The average power coeffificient C_ = L C. de
P T P
L ¢ L
So that

- gl 2
CP = 4J/ﬂ a(l-a}” sin6de
L

o

and since dx = rsineds

(—EJZ CLsinaO > (VE)Z 2mm sinzao = 2wmu2coszysinze
R



= r 2,.%
C = 4 a(l-a) d(=)
PL .[—r r

which is 4a(1—a}2 averaged over the diameter of the turbine.
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APPENDIX C

GEOMETRY

The blade geometry is shown below.

/R

Figure C-1 ~ Rotor Blade Geometry

Region 1. T/R = (1-p/R) + Y(p/R)2-(2/R)>

cosy =# 1‘(2/D]2

Region 2. r/R = CI-CZ(Z/R}

52



Machine

Blad

Chor

p/R

z
Max

YMax

fZMaX (x/R)3d(z/R)

0

z
'jr Max (r/R}S/zd(z/R)
)

Area

es

d

/R

COS5Y

cosY

17 m

NACA 0015
24"
325.86"
0.07365

2

0.38
.66286
.97741

56°

fan

L5607

s

.6090

0.669 RMaX
1,52253

1.48256

53

NACA (015
6
91.875"
0.065371
2

0.41
.67597
1.00265

57.07°

2
Max

1.548036

0.666 R

1.543944



APPENDIX D

DRAG COEFFICIENT

For very low wind speeds

1 .3.3 _ dz
dQ + - ipr iy BCCDOdS , ds = Tosy
1.3 r3dz
dP = QdQ = - ?pﬂ Bc CDO o5y
1 3 Be. .2 2y Cp (%)3

- o+ 5C 0 Z

P = 5 p (RQ) (R IR j{ _EBE§~*d(R}
M
For constant C
Dg

_ 3 BCy g2

P = -p(RY) (R IR CD I1

0

where

no(y?
I, = R 4%
1 0 Cosy R
For 17 m machine shape, I, = 0.5607 with B = 2 and p = 0.001943
s}.ugs/ft3
8
_2.948-10° (kW)

C =
Dy (RPM) “R%¢

where @ is expressed in rpm and the input power is in kilowatts.

For the 17 m rotor, R = 27.155', ¢ = 2', so
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_271.08(-k)
0 {rpm}3

at 42.2 rpm, P = -1.6556 kW at V = 0.5 mph. The resulting CD =
0

0.00705.
At 38.7 rpm, the power is -0.7953 kW which suggests a laminar

boundary layer. Rather than using a constant CD , let us use

0
. = /2% o
DO e
3 Be. .2 K
P = -p(RQ)°(Z5)R® VR I
R e 2
Max
where .
M (T/R)S/Z X
zZ - cos d(Z/RW)’ Re - CD )M‘
0 ¥ i Max g MR

For the 17 m shape, 12 = 0.6090 so

2.714-10° (-xw) _ 249.59(-KkW)

C =
(rpmJBch (rpm)3

Min

and for the 17 m

H

C 0.003425 (0.003720 using constant C

)
Dy D

Min

This corresponds to (since R_ = 1.150-10%)

3,673
D e
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For the 5 m symmetrical blade case R = 7.,656', c = 6.003", B = 2

so that using 175 rpm results, P = -.229 kW and (Re = 3.665»105)
4,087
Ch = 0.006751 = v R
0 e
Min

The various values of CDO are plotted in Figure D-1. While
three points are far from a convincing argument, there appears
a possibility that transition for the symmetrical blades at low
wind speeds is in the range 1.15-106 to 1.25-106.

Figures D-2 and D-3 illustrate Reynolds number variations
for the test runs.

Going back to the 17 m test results, there is a question of
whether the magnitude of measured difference in Cp between the
33.7 rpm and the 42.2 ypm runs is consistent with this measured
differences in Chp - Using a constant Ch for each case the pre-

0 0
viously developed expression becomes

- Bey 3
ACp = 0.419(§M)X ACDO

the values of %&,n 0.1473 and AC, = 0.00333 yicld
0
3
ac = X%/4866

Using linear interpolation from test data, the ACP?S are:
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AC_ = C - C

P P3g.7 Tpm Pg2.2 rpm

10.
14.

11.

.065
067
.100
.130
.130
.145
.150
.156
.165
.160

L1806
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Figure D-1 - C, versus Reynolds Number
0
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Figure D-2 - Reynolds Number Variation,
17 meter Machine
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Figure D-3 - Reynolds Number Variation,
5 meter Machine
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