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ABSTRACT

Several geometric ratios connected with the iroposkien (the shape a completely flexible
cable assumes when it is spun at a constant angular velocity about a vertical axis to
which {ts two ends are attached) are derived analytically, The results are evaluated
for several values of the ratio of the maximum radial displacement to half the $pacing
between the attachment points. The results are given in the form of equations, tables
and plots. A comparison is made with a particular paraboiz which approximated the
troposkien,

Printed in the United States of America

Available from

National Technical Information Service

U. 5. Department of Commerce

5285 Port Royal Road

Springfield, Virginia 22151

Price: Printed Copy $4.00; Microfiche $2, 25




CONTENTS

Page
Symbois o .
Sununary f; i
Introduction 7
Analysis 4 {
Observations and Comments 17
Summary of Equations 18
References 20
Appendix A - Normalized Coordinates of Points Liying on Troposkiens 21
Appendix B - List of Parameters and Coordinates Associated with Parabolas 25
Appendix C - Details of the Analysis 2t
Appendix D - Calculations Associated with the Approximating Parabola 41
ILLUSTRATIONS
Figure Page
1. Coordinate system used in the analysis of the troposkien 7
2, Plots of normalized troposkiens and the associated approximating parabcelas ‘\
for 8's of 0.5, 1.0, 1,5 and 2,0 g
3. Piots of the normalized maximum separation between troposkiens and the
associsted approximating parabolas as a function of § for § between zero
and 2.5 11
4, Plots of z/a as a function of s/{§/2) for 8's of 0.5, 1.0, 1.5 and 2,0 12
5, Plots of the ratios 2, (T/To)max’ Crys 5/(2a) and AS/(4a2) as a function
of B between zero and 2.0 14
6. Plots of the ratios k, T/b, Cp,, A /(iab), AS/(Sz) and I /(N6bA_)as 2
function of 8 between zerc and 2.0 14
TABLES
Page
I List of Dimensionless Troposkien Parameters 8
I Normalized Maximum Separations, d/a and d/b, between troposkiens

and the Approximating Parabola for Selected Values of 5 between zeroc
and 2.5 10




SYMBOLS

Distance from origin to the intercept of the tropeskien and the z axis

a
A Area
-7 AC Blade cross-sectional area
AS Frontal area swept by a troposkien type turbine
1 : : .
b Distance from the origin to the point of maximum radial displacement
C..C Dimensionless tensile stress coefficients
Ty T
CQ Bingle blade torque coefficient
d Separation between tropogkien and parabola measured normal to the troposkien
E(#, k) Eliiptic integral of the secend kind
F(g, k) Elliptic integral of the first kind
G Convergence parameter ‘ )
IZ Single blade mass moment of inertia about the z axis
k Dimensionless tension parameter
N Number of blades in a wind turbine
QL Torque exert.ed on the turbine by the load
r Radial coordinate
e T ~ Radial coordinate of the centroid of the area under the t'rb"poskien in the firat and
i e fourth quadrants : : S
= Arc length measured from the r axis to a peint on the troposkien or parabola
8 Blade length measured between the polnis of attachment on the axis of rotation
t Time '
T Tension in the blade
'I‘0 Tension in the blade at point of maximum displacement
u, v Dummy variables of integration
v Wind velocity
z Axial coordinate
8 Length ratio, 8 = b/a
& Blade mass per unit length
P Uniform blade mass density
P, Density of air
pe Effectiive blade density
, sgs s o =1yr
o] Variable in the elliptic integrals, ¢ = sin ( E)
. w Angular velocity of the turbine about the z axis
e Dimensionless rotational parameter

The subscript p is used to identify quantities assoclated with the parabola.



SUMMARY

, 1 . . : )
A previous report’ developed the troposkien shape and sonle of its geometrical characteris-
tics in terms of a dimensionless cable length, For engineering purposes, a more useful parameter
was found to be f, which is the ratio of the maximum radial displacement to half the distance be-

tween the attachment points on the axis of rotation,

In the present report, expressions are derived for normalized arc lengths, area ratios,
stress coefficients, the tension ratio, the mass moment of inertia and the centroid. These ex-

pressions are then used to draw a series of conclusions with regard to a tropeskien wind turbine.

It is shown that the ratio of the swept area to the square of length of a turbine blade has a
maximum in the vicinity of # = 1,0, This peak was calculated numerically to oceur at 8 = 0,99458568,
Tensile stress coelficients are developed and it is shown from these thai if the effective blade density
remains constant then the maximum tensile siress is independent of size, An equation for the mass
moment of inertia is derived and if normalized in a manner which follows directly from the equation
of motion, the resulting nondimensional moment of inertia is shown to be expressible as a function
of # only, indicating that the dynamic behavior of a large system and a small system are similar pro-
vided the blade linear densities are the same. On examining Lhe results obtained in the analvsis, il

appears that a practical wind furbine with blades curved in the troposkien shape should have a 8

near unity,

A comparison is also made between a troposkien and an approximating parabola. The {it is
sufficiently close that it appears that the parabecla may be used as a practical engineering approxi-
mation to a troposkien for values of 8 between 0.8 and 1.7, at least for the prediction of aero-

dynamic performance.

The results of the analysis are presenied in the form of equations, tables, and plots.



SOME GEOMETRICAL ASPECTS OF TROPOSKIENS AS APPLIED
TO VERTICAL-AXIS WIND TURBINES

Introduction

In Reference 1 a troposkien is defined ag the shape assumed by & perfectly flexible cable of
uniform density and cross section when its ends are attached to two points on a vertical axis and

then spun at a constant angular velocity about this axis, A schematic diagram of a troposkien and

the coordinate system used in analyzing it are shown in Figure 1. This shape is significant in the

design of the Darrieus” type of vertical-axis wind turbine since blades fabricated with this profile

will be free of bending stresses when air loading and gravity are disregarded,

AN

Troposkien \
Axis of [ b /"

Rotation
<ID

Figure 1, Coordinate system used in the anaitysis of the troposkien

]

o}
N

B T

The dimensionless troposkien shape {z/a versus r./a) is uniquely determined when any one
of four naturally occurring parameters is specified. Table I lists these parameters and their
physical significance. The analysis in Reference 1, which is used as the basis for the present
work, used 5/(2a) as the principal parameter with the other parameters being expressed as func-

‘tions of §/{2a). Subsequent studies of the troposkien shape have indicated that the parameter
B = b/fa is & more useful parameter,




TABLE 1

LIST OF DIMEMSIONLESS TROPOSKIEN PARAMETERS

Parameter Definition Physical Significance
s/ea Normalized cable length
B = v/a Normalized maximum deflection
Q = aug[ﬁ/Toll/a Normalized rotation
(_T_ ) N 1/2
= -
°© max
k —(—T—-———-—————- Tangent of 1/2 the angle beiween
— + 1
N o
o/ ax the gxis of rotation and the

troposkien at the point of

attachment

The purpose of the present report, which is an extension of the analysis presented in Ref-
erence 1, is {o examine the troposkien's shape and characteristics as a function of the parameter
A. The actual shapes of troposkiens were calculated for several values of § and are cempared
with a set of parabolas which have been pr'oposeci3 as an approximation io the troposkien. In ad-
dition the troposkien shape which has ihe maximum area for a given cable length between the points
of attachment on the axis of rotation has been determined, Dimensionless tension coefficients and

the moment of inertia are also derived. The resuits of these analyses are presented in the form of

equations, iables and plots,

In the analysis that follows, it is assumed that the description of troposkien curve also re-
fers to a description of a blade of a troposkien type of vertical-axis wind turbine and as a result

the discussion at times moves back and forth between the mathematical description of the tropo-

skien and the wind turbine,

Analysis

The eguation describing the troposkien was derived in Reference 1 and is

oM
1
-
1

where
_ . =Mlyr
¢ = sin [B (a)} . (2)
The relationship between the parameters k and ¢ was also derived in Reference 1 and is given by

the equaiion

.



g = 2k

= (
(1 -k r(Tx) Y

Consequently Eq. (1) can be used to generate a plot of z/a versus r/a with # as a parameter by
determining the necessary k in Eq, (1) for any given 8 by means of Eq. (3), This was done for
selected numerical values of # between 0 and 2.5, The resulis are given in Appendix A, Plots of

several of the cases listed in this table are shown as the solid lines in Figure 2,

1.0p

L 1 T k i H { 1 ! 1 ¥ L I i ] i

. s TrOposkien “]
- wParabola o

e 0

0.5

z/a

-1,0 i

r/a

Figure 2, Plots of normalized troposkiens and the associated
approximating parabolas for 8's of 0.5, 1.0, 1.5
and 2,0

Since the equation which describes a troposkien contains elliptic integrals, which are some-
what inconvenient to wark with, some investigators have proposed using simple algebraic expres-

sions as approximations to the troposkien for design purposes. One such proposa13 is the parabola

(2) = 1- %(i‘) (4)

which agrees identically with the troposkien at the end points, zf/a=0andz/a = 1. Eq. (4) has
been solved for the same values of 8 as used for the troposkiens in Appendix A, The numerical
resulis are listed in Appendix B, Plots of these parabolas which have the same f's as the ones

used for the troposkiens in Figure 2 are shown ag the dashed lines in this same figure, For the




B's used in Figure 2, the parabolas lie quite close to the corresponding troposkien. Values of the

normalized separation, d/a and d/b, were calculated. These are listed in Table II and are plotted
in Figure 3. As can be seen in the figure, both d/a and d/b are less than 2 percent for 0.8 £ 8 s 1.7,
consequently, the parabola defined in Eq. (4) could probably be used as a mathematical model for
predicting the aerodynamic performance of a troposkien type of vertical axis wind furbine without
serious error for #'s lying in this range, However, before attempiing to manufacture a turbine
biade with a parabolic profile, consideration should be given to the bending siresses due to this
approximation, Infact, it would be as easy to manufacture a blade with a troposkien shape as one

with a parabolic shape since both may require numerically controlled milling.
TABLE 11 £

NCRMALIZED MAXIMUM SEPARATTONS, d/s AND d/b, BETWEEN TROPOSKIENS AND THE
APTHOLTVATING PARASULA FOR CELECTED VALUES OF g BETWEER ZBRO AND 2.5

Troposkien Coordinste z/a

8 ifs 4/t at Maximum Separation
0.0001 ©, 000005602 0.05602 0.7000
0.1 0.0054G2 0.05L92 0,700k
0.2 0.01037 0.05185 G.7015
0.3 0.01k17 0.0b723 06930 4
0.k 0.01669 0.04373 0.6959 i
0.5 0.01793 0.03586 0.6987
0.6 0.01803 0.03005 0.7019
0.7 0.01722 0.02k60 0.7052
0.8 0.01577 0.01971 0.7278
0.9 0.01390 0.0154k4 0.749%
1.0 0.01186 0.01186 0.7716
1.1 0,009815 0.0089z22 0.8019
1.2 0.007906 0.,006588 0. 8214
1.3 0.006199 0.004768 0.8512
1.k 0.009325 0.006660 0.4071
1.5 0.01278 0.008520 0.h4322
1.6 0.01633 0.01021 0.L362 P
1.7 0.01991 6.0117% 0.L506 "
1.8 0.02349 0.01305% 0. L5kk
1.9 0.0270k ©.01b23 0.LA8s
2.0 0.03054 0.01527 0.h721
2.1 0.03398 ©.01616 0.4756
2.2 0.03736 0.01698 o, L7e0
2.3 0, 04066 0.01768 0.4823
2.h 0.04389 ¢.01829 0.L752

2.5 0.04705 ©,01882 C.4783
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Figure 3. Plots of the normalized maximum separation between troposkiens and
the associated approximating parabolas as a function of B8 for B
between zero and 2,5

It has been found useful to relate the incremental are length s along the troposkien to the
axial coordinate #. This can be done by starting with Eq. (All)} in Reference 1, which ig

d(g) Q[ r 2 2]
=-315) -5 (5)
d(g) 2 (a) 5
Integrating this yields
5. L A E(oik)
il k")r@;k) [E(z,k) E(q&,k)} + F(g;k) 1 (6)

The detailed development of Eq. (8) is presented in Appendix C.

The Zength of the troposkien between z/a = G and z/a = 1 can be determined by substituting

¢ = 0, corresponding to z/a = 1,0, into Eq, (6), The total length of the troposkien between z/a = -1

and z/a = +1 is then given by

11
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The incremental arc length normalized by the totai cable length can be found by dividing

Eq. (8) by Eq. {7},

- 2’
s/ T, {8)
. Pl ) ,
(1-k% F(-’zl k)

Eq. (8) has been evaluated for those values of § used previously, The numerical values are given
in Appendix B and are plotted in Figure 4. In this plot it can be seen, as an example, that for
B = 1,0, approximately 50 percent of the arc length lies inside the points where z is approximately

60 percent or more of a,

0] T e B A AL N L L B B R BN
0.8 b -
N 8= 2.0 i
0.6 b ]
B 1.5 B
{z/a) —
- 1.0 .
0. d} .
0.5 |
0.2} _

8! AN U N T D BT BT B
o 0.2 0.4 0.6 0.8 1.0

(572}

Figure 4. Plots of z/a as a function of s/(8/2) for 8's
of 0.5, 1,0, L.5and 2,0
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In dimensionless coordinates the area bounded by the troposkien, the z axis between z = 0

and z = a and the r axis betweenr = Oand r = b is given by the integral

1
A f Z\ g (L
ab (a) d (b) (9)
0
and the normalized area swept out by & wind turbine with troposkien blades is
1
As f z r
w4 GG (10

Eq. (10) can be integrated analytically, as shown in Appendix C, to yield

A
=] 1 1+k -
I 2n( ) (11)
4ab hid 1-k
21-;F(§,k) :

By manipulating Eqs. {3), (1), and (11), it is possible to obiain the foliowing area ratios,

.f.i = i (1 +k

s (1-6%)¥?(Lx) i1 -k). (12)
Ay ()
# [ew(Ey - (-G 1)

Values of As/(4ab), AS(4a2) and As /82 have been calculated as a function of f by means of
Egs. {3), (11), (12}, and (13). The results are listed in Appendix A and plotted in Figures 5 angd

8.

2
Ag can be seen in Figure 6, AS/S has 2 maximum in the vicinity of # = 1.0, It was deter-
mined by iterating Eq, (13) that this peak occurs at k = 0,575924 which when inserted into Eq, 3
gives £ = 0.994586. This maximum has practical significance in the choice of 8 for a wind tur-

bine design and will be discussed later.

In Reference 1 the rotational parameter {} and the tension parameter k were found to satisfy

the equations

Q= {1 mkzll/zF(g;k) (14)

and

13



These two equations have been used in conjunctic;n with Eq. (3) to obtain values of {i and {(1/7%)
max

as a function of 8. The results are listed in Appendix A and are plotted in Figure 5,

o

"F IIE§¥II!II1

| \ ]

.{- Van T
- /. (T)m

o\

. . 2
Figure 5, Plots of the ratios {2, (T/To)max, CTJ,' §/(2a) and As/(4a )

as a function of B between zero and 2.0

J——— . -m-m-“—-m:“-—&-u-—:
C
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o 0,4 D, 8 1,2 1,6 2,0

Figure 6, Plots of the ratios k, t/b, Cry, AS/{LIab),AS/(Sz) and L /(NObA_)

as a function of B between zero and 2.0



The quantity TO, the tension at the point of maximum deflection, can be eliminated from

Eq. (15) by substituting from the definition for 92 given in Reference 1,

2
n2 . 5(bw2) (16)
TOB

where it is also shown that

2
2
o't - A a7

(1 -k

. 2.2 . .
Eliminating To and §1'8" from these last three equations yields the equation

Tmax 21 +k2
— = 5= (18}
Hbw) 4k

For a troposkien blade of constant cross section Ac and constant mass per unit length 6, it

is possible to express 8 as

b =P A (18)

where P, is the effective density of the blade, Substituting this last expression for & into Eq. (18)

allows one to define a parameter CTI as

—— = = C . {20)
,c.ve(bw)2 4}:2 1

which is plotted in Figure 5, This CTi can be interpreted as a dimensionless tensile stress co-
efficient since Tmax/Ac is a tensile stress. This result is important in that it relates how the
maximum tensile siress changes as a iroposkien type of vertical-axis wind turbine is scaled up or
down in size, Since, as shown in Eg. {20), CTl can be written as 2 function of k alone, and since
from Eg. {(3) k can be written as a function of B alone, then CT1 can be expressed as a function of
B alone. Therefore, for any given 8, CTl does not vary with the absolute size of the system. Iq.

(20} is tabulated in Appendix A and plotted in Figure 5,

If aerodynamic and gravitational loads are neglected, the maximum tensile stress in the

blade which is of concern to a troposkien wind turbine designer is that given by

max

A (21

_ 2
= pe(bw} CT
[ 1

which, for constant 8, AC and pe, varies as (bw}z.

15
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At first glance, it may appear that a designer should use some maximum value of the angu-
lar velocity « which is independent of the absolute size of the turbine and that consequently the £
maximum tensile stress varies as the square of the maximum horizontal displacement b and there- .
fore with the absolute size of the system. However, experience has shown that for any given frec-
stream wind velocity V, the maximum value of w is not independent of the absolute size of the
system, This maximum w occurs at the so-called runaway condition which develops when a tur-
bine which is running normally suddenly loses its load and overspeeds, When this happens it has
been found that the ratio of the tangential velocity of the blade at its maximum distance from the
axis of rotation to the wind velocity is nearly constant at something less than about 8 and almost
independent of the deiailed design of the system. Therefore, if it is assumed that for maximum
tensile stress design purposes
Fooe

then Tmax/Ac is independent of the absolute size of the system and varies as the square of the

{22}

maximum wind velocity. The above statement is strictly true only if the effective density e, is
independent of size. In reality, pe will increase with increasing size, but the square dependence

on the maximum wind speed will be the controlling factor,

if the length scale b in Eq, (20) is changed to 5, the following result, which is developed in

Appendix C, can be obtained

(T
max {
A 2
+
17k : C (23)

C 1
b g2 4 [ZE(E;}{) - (1 -kZ)F(g;k)lz Ty

where CTz is a second form of a dimensionless tensile coefficient, Egs, (20) and (23} are listed
in Appendix A and plotied in Figures 5 and 6 as functions of B using, as before, the relationship
between k and 8 given by Eq, (3}, As can be seen in Figure 6, there is only a slight variation

of Cp, with 8.

Two other quantities associated with the troposkien, the normalized moment of inertia about
the axis of rotation Iz/(NSAs) and the corresponding normalized r cocordinate of the centroid of the

area under & iroposkien in the first and fourth quadrants, ;/b, were calculated to be

L [ -~k F(Fik) - e e(F)]
NGoR, 3k(1 - k) 2a(+2E ) e
and
T F(Zix) - BF:x) o5
b kin(1 )



Fiae =%

[}

as shown in Appendix C. For a ‘discussion of the I normalization fac:tor see By, (C-42), Lgs,
(24) and {25) were evaluated numemcally, the results of which are hsted in Appendlx A and plotted

in Figure 8,

In order to obtain some comparison between the troposklen and the parabola, those quantities
associated with the parabola which correspond io the quantltles derlved dbove for the troposkien,

are derived in Appendix D,

Observations and Comments

There are several chservations which can be made by using the results of the foregoing

analyses,

If the swept area is normalized by either a2 or ab then increasing B increases this normal-
ized swept area, If instead the square of the total blade length is used to normalize the swept area,
the maximum value of this normalized area occurs at 8 = 0,994586, which can be considered as
unity for all practical purposes, This has cons'iderable importance from the standpoint of manu-
facturing economics. For example, the power output from a given wind turbine varies directly as
the swept area if vther factors remain the same. Since blade cost goes up with increasing blade
length, the maxirmum power output per total blade length S should cccour at 8 =~ I since A /S is a
maximum near this point. In actual fact, A /S deviates only slightly from the value of {) 3 {with
approximately a 2 percent variation) as long as B is in the range 0,8-1.2, As a consequence of this
weak dependence of .%.S /S2 on 8 in this range, some other factor such as aerodynamic performance,
tensile stresses at nominal operating conditions or blade sag when the turbine is not rotating could
be used to determine an optimum 8. As an example consider a blade of fixed total length and com-
pare the tensile stress coefficients Cr, for this blade when § = 0,8 and 1.2, Using the data tabu-
lated in Appendix A

C.. {at 8 =0,8)

T
N S
Cp (atp= LI

1

1.5, (28)

Since the blade length ig considered fixed for this comparison, Egq, {26} when combined with
Eq. {29) indicates that at a given rate of rotation w, the tensile siress is approximately 30 percent
greater for the case when 8 = 0.8 than it is for the case when 8 = 1.2, Using this argument one
might choose a design § of 1.2, However, the variation of the aerodynamic performance with B

must be determined before a final decision can be made,

The mass moment of inertia of the blades about the axis of rotation is of importance in that
it controls the rate of response of the wind turbine to changes in wind speed which in turn influences
the overall energy production capability of the wind turbine, As can be seen in Figure 6, as 8 is

increased the dimensionless moment of inértia increases, For practical wind turbine designs it is

17
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felt that the moment of inertia will tend to be large and therefore the amall # design should be con-

sidered,

Although not all of the quantities derived in this repori for the parabola have great physical
significance, they are includezd for the gake of completeness. The numerical resulis of these cal-
culations are given in Appendix B.

Summary of Equations

Although a number of equations have been derived in this report for the various relationships

and characteristics of a troposkien and a troposkien type of wind turbine, they are scattered through-

out the report, In order to make them more accessible they are collected here.

Troposkien Coordinates:

1

Arc Length:

== 1 (8}

wim

-1 _ (7}

2E(p: k) - (1 - KT (g: k)

8

a1 (8)
3 w 2 ™

‘"2"’ ZE(E,R)—(1~1{ )F('-z-;k)

Swept Area;

A in (1 . k)
S .ok (11)
4ab ZkF(-zE:k
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e,

General Parameters

2l

2 ('rr )
(Z—k )F—Z-;k

1/2

Tmax - 1 +k2

Sbe)? 4k

Tnax . 1+ k°

2 "2
BeS
(wsh™ [m(%;x) - (1 - k_z}F(-g-;k)]

2 L 2 L
, ek )E(-ﬁ,k) - (1 -k )F(E,k)
NGbA, 3k (1 -kz)ﬂn(itt)

2

(13}

{14)

(18)

{(23)

(24)




1

-1

References

B. F. Blackwell and G. E. Reis, Blade Shape for A Troposkien Type of Vertical Ax @ Wind
Turbine, Sandia Laboratories, SLA-74-0154, April 1974,

G. J. M., Darrieus, Turbine Having s Rotating Shaft Transverse to the Flow of The Current,
United States Patent No, 1,835,018, December 8, 1831,

R, J. Templin, Aerodynamic Performance Theory for the NRC Vertical Axis Wind Turhine,
National Research Council of Canada, National Aeronautic Establishment, LTR-1.A-180,
June 1974,

I. 8. Gradstein and . M. Ryshik, Tables of Integrals, Series, and Products, Acaden:ic Proess,
New York, 18965. Integral No. 2.584-4, Page 162,

I. 5, Gradstein and I, M, Ryshik, Tables of Integrals, Series, and Product., Academic Pross,
New York, 1965, Integral No. 2,584-2, Page 162,

I. S. Gradstein and I, M. Ryshik, Tables of Integrals, Series, and Productsa, Acadeniic Pross,
New York, 1965, Integral No, 2.583-4, Page 154.

1. 8, Gradstein and I M, Ryshik, Tables of Integrals, Series, and Producis, Academic Fress,
New York, 1965, Integral No. 2.584-6, Page 162,




5,

D,

APPRNDIX A

NORMALIZED COORDINATES OF POINTS LYING ON TROPOSKIENS
WITH 8's OF 0.25, 0,50, 0,75, 1.0, 1,45, 1.50, 1,75, 2.0, 2,25 AND 2.5

BETA = 250000
K = Ll9095]
OMEGA = 1.556244
{TATDIMAX = 1,07590684
S5/2A = 1.037666
AS/{aAR} = L53BSARB8
AS/{GASQ) = 159647
A5/1857) = L168247
T = 74106376
cre = 4103173
RIAROH = .393307
12 = L400714

RN RIA R/D

1,00080  0,00060 0,00000

96845 01250 L 05000
L 93682 02500 10000
L9050 03790 «15000
WB87296 05000 20000
88056 LOR250 .25000
LADTTL L07500 30000
LTT6pP% 08750 » 35000
L4018 dpogo 40000
L7521 11200 45000
HEIZ2 12500 50000
63196 L11750 +58000
59317 15000 60000
255245 16290 65000
L50932 17500 70000
46304 Li8750 75000
L41251 20000 «80000
.35586 21250 85000
28546 JEP500 90000
L 20393 L23T8D 95000
L006000 25000 1.00000

BFTA = ,S500000
X 7 L 3548R8
QMEGA = 1.,514384
(T/TOIMAY = ]1.,2481n6
5724 = jal4lbr9
AS/(4AR) = ,643tes
AS/{GASRY = ,32)18k2
AS/IS5Q) = .246939
cry T Ze234989
cre = WJ)07)70
RBARCS = L 394899
iz = Ladege?

Z/A R/iA R/B

1.,00000 0,0000C  0,00000

. 96920 2025060 08000
L93631 05000 «dpooe
L90725 07500 15000
81591 L0000 20000
MLTTYE 17500 «25000
LR1203 150006 «300U49
. 17925 17560 +IR000
L TeB T4 +20000 ~&0000
L1133 27500 45000
67582 25040 50000
53900 27500 +55000
LA0050 30000 50000
56007 L3p500 65000
51707 +35000 «T0000
L4706 «3754u0 75000
42002 40000 «Bo000
. 36290 L42500 +B5000
L 29567 LA5000 20000
LPUBSS 47500 »95000
090000 250000 1.0n000

s/A

1.03767
1.00373
36972
53558
«9011%
ML
+B3126
L 79559
« 75925
JTeare
68402
WShuT2
60396
256137
51846
45853
ATy
« 35845
.29089%
20844
- 00000

sfA

1.1a8167
f.l10200
1.06226
1.02239
«98230
294193
10871
«B85996
+B181e
+ 77561
273219
«6BT7HT
Wbk
59424
254449
49187
+ #3529
«3729%
30120
21063
=, 00000

s8I

i.00000
296729
.93452
38159
.B6143
LBI4YE
+801409
76671
« 73169
69591
265919
52132
58204
V54100
45772
JeBESE
208135
+ 34544
+28033
197902

=~ 00608

s{{S/2)

1.00000
« 96525
«23045
«BY5S2
B60&1
82505
» 78935
« 15324
«Ti662
67936
+54133
+ 50234
Sb21e
« 52050
2475692
+43083
38128
32666
26382
+18449

~+00000

TTO

1.07568
1, 07556
1.07493
1,073948
1.07266
07095
E.06887
1a0h641
1.06157
1.06036
1.05876
1.08279
1.0484%4
1.04371
1.03860
1.03301
la0272%
1.G2100
1.01438
1.00738
i.00000

T/TC

I.2a81%
Fo2RTaT
1.28530
1.28170
1,27666
127017
1.26225
1,252B8
l.26208
1.22983
1+2161%
1.20101
Leipass
Lelb643
i.14697
b.12608
1.10375
1.07957
1.06476
1.02810
l1.00000

BFTA = .750000
13 = L4B2391
OMEGA = 1.468538
(T/TOIMAX = },606545
S/2A = 1.£93240
AS/L4A8) = L650523
AS/(4B5Q0) = 487892
AS/US5GY = L29177D
cri = 1,32634)
cre = wlit3ss
ABAROR = ,397019
1z = .455168
ziA R/ LSt
1,00000  0,00000 o6.0p000
97016 03750 LOR600
04023 07500 ~in000
L2011 L11250 .15900
«B7971 15000 20000
LB489] L1870 +25000
WR1761 22500 30000
L 78567 SBB250 238000
. 75295 « 30000 V45000
71928 «33750 «45000
68645 37500 +50000
JBu822 81250 +55800
51026 45500 60000
WJ5T0LT L EY «BS0G0
.52738 52500 270009
L48111 56220 75000
43015 60000 80000
37267 53750 85900
30417 BTG 50000
21518 $T1250 «95060
JN0080 LT5000  ).00000
BFTA = «88ncou
3 = L5078}
OMEGA = 1,4579R5
(TATOIMAX = ],68024]
S/724 = 14327683
AS/{4A8) = 653088
AS/UGASG) = 521574
AS/ISS0) = L zZ958a4
(45 = 142359045
cre = Ljllig2
REAROR = L397471
1z = ,462550
Z/A RIA R/B
1.00060.  0,00000 ¢.0n00D
37036 04000 05000
36063 ST By
91071 12000 »15000
L2849 JLRO0D 20000
JRHIB9 28000 L 25000
LBL1877 26040 300600
78704 +ZROUD +35600
R ELTY L32008 +40000
72095 LAn000 +45000
J6B6RT Lap000 +50008
65016 44000 +55000
L61232 L4A000 268000
57231 WSP000 $55000
$52958 JSRO0E L To000
L 48332 600060 75000
63233 66000 +80000
. 37455 L6AGYO +B5000
, 10602 .12000 +96060
2 1-T-% L T6000 «95000
00000 LBGDVO  1.00000

s/A

1,29324
1.26532
1419734
l.1a924
1.100%96
1.,05244
160359
£ 95433
+ 20456
85417
80299
+ 750484
69748
« 64258
58564
52612
46284
+ 39404
+«3160%
21946
00000

sfA

1.32768
1. 27790
l.22806
1.17810
1.12798
l.87761
1.02693
97586
+92429
287210
81916
« 16528
71021
65363
« 59510
53394
14612
- 39H8HE3
«31946
«22144
~«00000

sf(812)

L.ovone
2G4
G584
+BBHLS
«B51132
+91380
WTTEDS
LT3794
«BIYLD
sH604Y
520491
«SB059
53933
43588
«H5788
JaO6BI
«IHTBG
« 30469
2hhi?
2 16Y70
+B0000

s/{s/2}

1.,00060
+ 96250
+ 92696
«8B734
+BaS5A
«8116%
« TT34B
« 73501
269617
65684
61699
257640
253492
$99231
haB22
«50216
35334
« 30048
LY
«lbe79

=.C0000

NENRS

1.60654
FeBOSNS
l.60048
1.592%0
1.58228
l.56804
1.55196
L9224
1450950
1.48372
1.4549]
L.42307
l.3881%
1.35828
1.36934
1.24536
1.218386
l.lsB32
1al1520

S1.05914

1.00000

T/TO

1.68023
1.67853
1.67343
1.6A493
1.6530%
leb3772
1.61901
1.59690
1.5%123%
1.54248
1.51017
LalTaub
Fa423535
L.39283
1.34692

* 1429760

ly246k8
1.1R876
1ukg92s
1.06632
1,00000




AETA = L99sban " BFTA = 1.200052

< = .n7hypa % x ,8636113
OMEGA = ],416654 ’ OMEGA = },374070
CT/T0IMAY = 1.9926]7 éjé;ulnnx * P.3593}0
/24 = 1,471380 = 1.635751 N
A5/ LaAR) = Jb5T6aa AS/(4AR) = ,66352B .
AS/1aASRY = ,656031 AS/(6ASQ) = 4796234
AS/4S54) = 302131 A$1(550k = L29T5R2
cil = 1.603N9 cTl = JB6TBI4
crz = J116657 cre = W116763 -
HHAROB = ,39Y2gs RBAROB = .40klle '
1Z = L493232 . 1z = ,B28350
VARY RIA win s “f(5/2) T/TO AR RIA R/ s/A St TITO
1,00000 ¢.000C0 000000 1.67136 L.00000 1.49262 b.noooe G.OnGuG 0.00000 1.6357% f.oanoe 2.35931
L7113 DL 054000 141306 £IBYTE 1.99014 + 97151 +05000 05600 1.56950 9HWS0 2,3559)
L9e2E6 00966 L10000 1.35831 W92181  1.9R269 L3437} L2000 «10000  1.50321 JIEAGT  2,34572
TRED g DERE RORESD HRE MR oomm b ne oo
TR5367 s 2ados ~25000 118285 180351  1.91058 LBST49 ~3p60c L25000 11393a£ :2:::2 5:3323;
LA2327 . 29838 .30080  3.12456 L7430 (.9032B LB2T83 +36000 30800 1.23669 JIS606  2,23697
L19221 .34810 +35000 1.06593 LT2645  L.B7102 L79748 L42000 235000 1.l6w4S L7163 2.19279
L76032 233783 L40000  1.00685 68430 1.83380 LTE628 L48060 40000 [,1018Z JB7359 2,14]182
72760 4155 45000 W6T24 b6378 1.7916]) .?340? +S4000 +65000 1.0327] +63195  2,08405
R334 SUG7L9 56000 «886%94 £502480 k.faggb .7025 +600060 «30060 L 96500 50494 2.01948
65776 54702 .55006 .B2579 56124 1469235 456555 86000 55000 +89553 LSHTAT  1,94R12
52037 JBoeTs 50000 16357 WH1F95 L.53527 62866 LTR000 J50000 8BRS0 50641 1.8699¢6
L58073 Loutul 65008 »69997 CGTSTR 1.57326 +58944 JTRGUO +65000 LT5341 L6059 1, 78500
L5IIRG NLTY-3) JTo000 63656 43128 f.50623 SeT26 84000 «70000 «5B096 OESTS 1.69325%
RTERE « Te5%h 75006 L56671 L 38516 Fa&3u27 .50126 L0090 +I5000 J6BaGE 36951 1,59479
PRI L19567 .BpO0C L5953% L33669 1.35734 ~45011 + 96000 +B0oeo L52560 432132 1,4R9135
L 3B2A1 BuSal L85000 Lol EBS 20466  1.27545 .35158  1,02000 .85000 WG4175 227006 1.37721
L313aa ,84513 90000 .33345 22663 [.18860 L3213%  1,08000 +96000 234937 21358 }.25ueT
(P2237 I TTETS +I5000 L22959 %604 1409678 »PE861  1,l4000 +95000 J23BT5 L18596  1,13253
00000 LE9LnY 1.00000  ~,00600  =,00000 L.90000 00000 1.20000 1.00000 “+ 00000 -,00000 L. 000s0
AFTA = 1.000000 BFTA = 1.250000
e m—w——tc——_— e ——— i
« = 571703 x = L b4B716
OHMFGA % 144155310 OMEGA = 1.364%41
éigxo;uﬁx = f-zgégzg (T/TOIMAX = 2.4533R6
= 1. S/2A 3 1677289
AS/{4AR) = .557B02 AS/(WhBE = 654924
AS/(AASUY = ,657B02 AS/(4ASWY = L,831185
n?;(ssoi = -3ggéiz A5/(SSGF T  L295445
c =, cT1 = LB640p4
ar = a11871% crz2 = Lil7185
RUARCH = .399304 RHAROB = ,albl554
iz = L40%126 ¥4 = ,537220
ZiA REA wi <fA slG=12 TITO LA BiA ’/B slA ICTEN TITO
§,00000  0.900U0  0.0000C  1.4T7S55 1.00000 a0t 1,00000  0,00000  0.00008  1.57727  1.00000  2.4533%
La7115 L0000 J05000  1.41762 Taalie  1.0a182 LOT209 08250 L05000  1,60882 (95919 2.65975
b9e221 10080 L10000 136085 a2l IR e OO0 Low407  ,12900  .10000  1,54033  ,01435  2,43845
.91307 £15600 «15006  L.30217 (auelR 1i3eive .51586 UL 15000  1.4717% WBTTRT 2,42068
LRB3ED 20000 20000 scasle e 1.eae22 L2873 J25000 220000  1.60305 JB365F 2.39525 )
55378 -ggggg -ggggg 1'133«: 0 1.9116T LR5B39 L31250 V25000 1,33417 L79546  2,36255 i
92300 +30000 oe  1.0asse tisals  1.87911 LR2B8Y 37500 L30000 1.26508 L75026  2.32258 :
L79235 . . ey b L.BetSe L79871 L3 TH0 L5000 1.19566 L71286  2,2751%
L 76049 L60000 -hogﬂg 1-9“943 oaaad 170896 L6787 50000 L0000 1.12588 L7126 2.22084
12762 L45000 «4500 enez oi3a3  1.79138 L 74560 .55250 245000 1,085563 W52337  2,15908
RTELT) 50000 +50000 aree Tcensn  1.69878 L1haey 63500 56000 98479 58714 2,09004
LABTGT L56000 +55000 076513 '5135« 1oBallT LhBT3e JBETH0 55000 91322 BTy 2401374
.52059 L60000 .60080 AT Tare30  1.57856 LA3062 L1060 +60000 84070 W50123 1.93017
.§§09g '?‘833 -g;gog ‘e3s7e tesoee  L.B1094 L,59150 LB1250 L65000 L76696 L65727  §.83933
.?Jaaﬁ .72000 sInace eI a7z 1.43830 54940 LB7500 L70000 L6916} Wab234 §.TH123
L4327 . ST o616 33626 1.36068 50345 L9370 L75000 L6140 36609  1.53586
Lau123 SE00uG .80 -“19“2 '25#25 1.27801 L42299 1,00000 80000 +53325 35793 i.52322
L3830 »A5000 +85000 33386 SSpez6  1.10035 L3936%  1,06250 +BSOOG L44755 26683 1,4033)
.31365 £90000 230008 +33 ‘lie7e  1.0o768 232331 1.12500 90000 .35338 J21069  1,27614
.2225%3 JHROU0 495000 .22983 . ¥ L 00000 L23012  1.1RTW0 495000 24106 J18371 114171
S00046  1.09800  1.60060  =.00000  -.0000 . L00000  1.25090  1,00080  -,00000  ~,00000  §.00000



BETA = 1.5000050
LY E]
OMEGA a
(T/TDIMA% =
S/2A =
AS/t4RRY  a
AS/ (4ASQY =
AS/ (8580 =
cTl ®
crT2 =
RBAROB =
1Z =

EAEN R/A

1,.00000 0,00000

297293 07500

JOuS?? 15000

«31839 £ 22500

+B807] » 30009

» 86259 237500

LR3391 45000

SA0452 «5P500

LT7427 60000

LT4295 +OT00

71033 JT50090

67612 82500

53358 «90000

«HOE3T 97500

35970 1,05000

«5i401 1,12500

L 46289 F.280000

+40358 L, E7500

33275 1.350u0

23764 1,82500

+00000 1,50020

BFTA = 1.,756000
L4 =
OHEGA &
(T/ATOIMAX =
S5/24 =
AS/ 1448 =
AS/{GASD) =
AS/{550) =
(4] =
cTe &
RPARDB =
1z s

Z/A R/A

1,00000 0.,00060

L97369 L0R750

L5aT28 17500

.92067 «2R2S0

LAY373 35000

JRB61S 43750

JA3B42 52500

JRGITH 461250

78022 + 70000

L T6960 LTATRD

LTETES 87500

J5B409 «F6200

JAUE5R 1,05000

«51045 1.13750

56922 F.2z5u0

.52383 1.312%0

.e7283 1.ugbud

L41373 1.,4R7%0

,34180 1.5750¢0

YT b b6E50

200000 1, 75000

702393
1.315733
29471546
1.8%}5%5n2

2071621
1.0074731

«2815R0

« 756713

118974

+4036R3

«DBIGAZ

Bn/B

0., 00000
85000
-1o08o
+15000
25080
+25000
30000
35000
«40000
245000
530000
55000
60000
85000
70000
75000
+8p000
+85008
+ 90609
+95008

1,0n080

«T43t0?
1.271619
Je075277
2114074

WOTTBLO
14186167

265403

« 701908

b 20287

2405659

2630500

R/B

G.0n000
+05080
<log00
215000
«20000
25000
30600
35004
40000
45000
«50000
+55000
50000
65000
«70000
75000
80000
«85000
290000
95000

1.00000

sfA

1.89150
F.81177
l.73200
1.65216
l.57221
1.49211
betilBe
l1.33127
1.25039
l1.16%12
1.08733
1.00490
+32163
«B83728
« 75148
+ 66365
57287
7748
437399
25271
-, 40000

s/A

2411407
2402271
},93131
1.83985
174830
1.65661
1.56476
l.47269
1438934
1.28763
1e19448
1.100676
1.00631
51088
«81415
71857
+81428
250867
»39523
«26A61
= 00000

s7(5/2)

i.00000
. 95785
<91567
JB7346
-83120
« 74885
o TUhLD
»7038]
BO106
61609
57485
.53127
48725
4265
+39729
.35086
«30287
+25254
J19772
13360
~.00000

sf{s/2)

1.00000
« 95678
« 91355
«BT029
«R2698
78361
«74016
«69641
+65293
+ 50908
«56E0%
«52068
7600
«43087
+38511
«33848
29057
+ 24061
«1B700
+12516

~«00000

TITO

2«946755
2.94268
£.92407
2.90373
2,86964
2,32582
2et7227
2.70897
2.63594
255317
2 46065
2.3584]
2424643
2.12471
1,99325
1.8%205
1,70112
[ RS TE
Fe37003
l.18989
1.00000

T/TO

347528
3,46909
3,45052
3,41958
3.371627
3432057
3.25250
3.17206
3.07923
2.97403
2.856066
2472651
2.56418
247947
2o THEIF
2.08293
1.89110
1.68689
Le 47030
1+24]134
1.00000

BFTA = 2.0060000
® = JTT8156
OMEGA = 1.230938
(T/TOIMAX = &,030404
S/72A 2 2,342409
AS/L4AB) = ,aB34g2
AS/(4AS0) = },3669a3
AS/{S5Q) = ,269137
cT} ® L664904
(4] = Ji2l197
ROAROB = &0748]1
12 = «879206
Z/A R/A r/B
l1.00000 G,00000 0.00009
07437 LE000G 05000
1311 200060 10000
. 22270 . 30000 «15000
A543 JA00U0 +20000
.86973 50000 + 250060
«BeZ4b 60000 «30000
Blése LTo0u0 235009
+ TESS8 L 806000 240000
275559 900006 45000
72427 1,00000 «50000
59130 l.lo000 55000
+565630 1,20000 +60000
251875 1.35000 +65000
57795 1,40000 70000
53291 L,50000 JT5000
+4B2OT 1.60000 «80000
42288 1, 70000 «850060
+ 35037 1.80000 +20000
«25194 1,96000 < 95000
LOe000 2.00000 100000
BETA = 2.250000
K LY -17.3 -k
OMEGA = 1.,193985
(T/TOMMAX = 4,60854%0
5/2A F 2uabTaBAS
ASA{GABR} = LnBHTOL
AB/LGASH) = 1.9e9576
AS/ZSS0) = ,233774
Tl & Lb3d564
cre = ,l21898
RBAROB = JADYIST
12 s G T287TI7
ZiA R/A R/B
1.,00000 0.G0000 t.0p000
LB764098 11250 +08000
L9GIAS 27500 LEo00D
L33 31750 + 15000
LARBES 45060 «20000
LAT275 56250 25000
«B4%60R #B7500 36000
LBLB6Y «TRTS0 35000
L T903% « 30000 L80000
LT6059 l.0185%0 5000
L 13025 1.12500 «30000
69784 1.23750 55000
66337 1.35000 260000
«62631 1,44250 «65000
58596 1,57500 LJT0000
L54126 1.6R750 75000
L6908 1,80800 «80000
Ladlhd 1,%1250 +85600
35845 2,02500 +90000
25863 2.13750 « 95000
00000 2.,25000 l.0p0og

sfA

2. 34241
2,23%918
2,13592
2.,03261
1.92922
1,82571
1,72206
l.b]822
1.51413
1,40973
130454
La19964
1.09369
96687
+B7886
WT6918
65699
54075
WA1T16
227663
=2 00000

siA

2.574A6
2465962
2436434
24228903
2,11364
1,99815
1.88253
F.76674
La65074
153446
ba%41782
F.30676
i.1830%
1,06465

94512

2A2a06

+ 70068

«5T352

43926

28871
-, 00000

sHE)

1.00069
«+ 95593
«9E185
BE7T4
«AZ360
77902
273817
59053
»54640
+60183
+55709
«Bi2le
[LY-1-5 01
PLY-3 I
«37520
«J2y37
28047
. 23085
»17A09
«11810

=, 00000

s/(S/2)

1.00000
JI5524
+ 21047
+86569
82087
217602
73112
«5BBLY
56110
+ 39594
55064
50517
«45948
41348
36706
32000
w2iTeie
22274
17063
«11203

“G000C

T/TO

4+030490
407283
4.0r010
J. 96222
1,90%19
3eB430D
3, 15767
3.65618
3.5455
detib?s
3.27280
J.1E371
2.93946
2.75006
2454551
2.32580
2,09095
1.840%%
1,57578
1.29566
i.Gn000

T/TC

4.5085%
4,59953
457246
4.52736
Goapa2l
4438302
4,2a378
4416650
4.03118
3.B7782
. 70641
3.51696
3.30967
JF.0R3%4%
2484036
2.57874
2.29908
2.008137
168562
1.35183
1.06000

23




AFTA = 2.5

0gco0

< =
OMEGA #
(T/TOMAK =

S/24 =
a5/(4AR) %
AS/Lansuy =
AS/(580) =

TEl =

crz =
2BAR0OEZ =

1z =

VRN R/a
1,06000  0,00000
L97552 12500
L95093 +25000
92614 £ 37500
20103 +50000
L87547 62500
ELLED LT5000
JRe249 87500
ST9%TI 1,00000
L76587  1,12500
L74565  1.25000
L76376  1,37500
L66960  1,50000
,63322  1.62%500
59329 1,7500¢
(548596 1,B7500
L@985T7  2,00060
63939 2.12500
L36606  2,25000
J28501  2,37500
L0000 2,50000

Note:

24

wB232R0
1.160205
Se20b64p8
2+810357
«6934R2
147337106
+219509
N-3¥.1.7.8)
v12241)
»al0TO]
« 77u858

R/B

G.00000
05000
~ip000
15000
20800
«25000
30060
35000
+40000
L65009
50000
+55000
«&N000
+65000
JT0600
+ 75000
80000
+85000
«90000
+95000

1.00000

sfA

2.+81036
2.,68298
2,55%59
2.42815
2430065
2,17307
2404537
1.51751
1,78%47
1.66118
1,53258
1.40357
1,27404%
1.14380
b.01257
87993
2 Ta515
60682

$B6182

«30082

00000

sfs/z}

b.00000
35468
«90935
«B6400
+81863
«T7326
«T2740
LBB230
«B36T4
S5%109
54533
43943
05334
40599
36030
+313198
226514

.« 215%2

«16433

" L10704

.000600

T/TO

5.20649
5.19597
5416442
5415184
5.03883
4,96358
4,42790
4.60119
4453345
G6,35467
4, 15487
I+ 93403
J.65215
3,62925
3. 14531
2.84034
BeB1424
2,16730
1.79923
1.41013
1.00000

These are computer generated tables,

symbols available on the printer,

The labels used in these tables are made up irom
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) APPENDIX B

LIST OF PARAMETERS AND COORDINATES ASSOCIATED WITH PARABOLAS

BETA = 250000

s —————

DEFINED BY {z[a}z =1 - (1/8}{r/a) FOR B's OF 0.25, 0.50,
0.75, 1.0, 1.25,°1.50, 1.75, 2,0, 2,25 AND 2.5

BETA = 750000

1 . Uty e

5/24 = 1.040229 S/24 = 1.299642
AS/[4AB) = L66b66K7 AS/{GAB) =  L6666RT
A8/ 14AS0Q) = 166647 AS/(4ASQ) = L,500000
AS/{S50) = ,154025 ASZ{S50) = 29602}
RAARDB % Le00000 RBARQE = 400050
12 ' J40T002 12 = 455903
ZiA RIA R/B s/A s/{5/2) ZIlA R/A R/B slA
9,00G00 »25000 l.00000 G,00000 G.00000 C.000060 -715000 1.00000 C.0006C0
»05000 24937 +99750 «05001 +D4807 L05000 + 74812 + 99759 +05005
J1E000 +24750 «%9000 «10004 »0961T +10000 « Ta2bi «59000 10037
.15080 « 2437 «37750 15014 LT RE +15000 + 73312 « 97756 215126
20000 =264000 - 95000 20033 19255 20000 . T2000 296000 « 20296
25000 + 23438 «I3T50 + 25065 v 24096 +25000 - 70313 +93750 « 25574
30000 27750 31000 «30112 + 28548 «30000 BR2LD «21000 + 30984
LIAB000 «21937 «8775¢0 »35178 «33317 +35600 «65812 B8BTS0 «3654T
«50000 21000 «84000 +40265 + 38708 L60000 63000 «84000 42285
» 45000 19937 79750 +45377 43622 45000 59812 « 72750 8215
50000 = 18750 75000 50516 «8562 .S0900 56250 « 75000 + 54355
55000 17837 «59750 - 255686 «53532 55000 52312 55750 « 50720
60000 16000 264000 60888 «58533 50000 L8000 «54000 +BTIAZ3
65000 +16638 57750 +66127 +63569 55000 +43313 237750 «Ta177
LT0000 12750 51000 «TL40G 58643 L1000 +3IR250 51000 81293
L 75000 10938 »43750 276722 £ 73755 L 15600 »32813 +43750 + 88680
LA0000 09000 +36000 +B2085 £ 78910 +ARODOD 27000 £ 36000 +36348
+BS0CH + 06938 27750 «BT494 «86110 LAS0D0 L20B13 277508 1.04303
30000 DaTHD »1o000 +9295] +B9357 L0008 4250 +15000 1,12554
+95000 «02438 209750 VIB4AHD « 945653 95080 07312 +09750 121108
1.00000 g.9n00c 0.0000Q0 k04023 1.00000 1,00000 g.00000 8.00000 1.29964
RFTA =  ,500000 BETA = 8006000
5/2A = 1ei9tT94 5/28 = 14333705
AS/{4AR) = L,666&AT AS/{4AR) = L66664T
AS/TAASAY = 333333 AS/{&ASD) = ,533333
AS/{S850) = ,253018 AS/1S80) = 299833
REARDB = 4400000 REBAROH = J4000n0
1 ¥4 =T 426602 1z T 4025681
Z/A R/A R/B siA s/{5/2) ZiA R/A RIB s/a
0.00000 50009 l.00000 G.00000 8.00000 0.00000 +HOO00 1.00000 g.00000
05000 249875 «99750 05002 + 04358 +05000 » 79800 «39750 «0500S
10000 » 49500 »99000 «10017 08727 «10000 79200 + 99000 10043
15060 2OHRBTS + 27750 + 15056 +13117 L5000 « 78200 «97750 «15143
20000 LHRD00 «26000 20133 217540 L 20000 LI6BOD «I6800 202336
L 25000 JHBBIS + 33750 25258 222008 25000 «75060 «33750 « 25652
+ 30000 45500 «91000 « 30444 + 26524 30000 +T2600 +31000 +31115
« 35000 L3875 «B7T50 «35702 «31105 35080 « 70200 +BT750 « 367152
L50000 2000 84800 sl 142 35758 «o0000 «+57200 +86009 + 42582
45000 + 39875 «T9T50 2 L5476 50691 « 55000 «53800 79750 2 #863)
50000 « 37500 + 15000 «52011 145314 +R0000 50000 15000 154212
55080 «34B7S «69750 « 57659 +S54235 550090 «55800 59750 +161442
<5000 «32000 +66000 53427 «55260 50000 B3 «Ba000 «+58237
«65000 +2RATS «57750 + 69324 80397 65000 +46200 «STTSD « 75308
70000 25500 + 51000 « 75356 «565653 « 70000 +H0800 +51000 +82668
L 75000 21875 43750 +«81522 « 71034 + 75000 35000 43750 « 20326
JA0000 .IROOG 236000 «B7858 2+ TBS4S L80000 +2BB00 36000 98291
ASCHD #13875 + 27750 «G34] «82193 «R5000 LER2R0 w2789 1.06572
0000 + 09500 «15000 1.00985 «B87982 50000 Li5200 »15000 1415174
95000 04875 +09750 1.07796 «93916 95000 07800 00750 124108
l.oo000 0.00000 0.0p000 114779 1.00000 1,00000 0.00000  0.p0G0O 1.33371

5/{38/2)

0.90600
03851
+07723
+11638
15617
«19676
« 23840
226121
32536
« 37099
«41823
46720
+5180%
«57075
62550
58234
Tl
$ 80255
«B6604
93184

1.00000

s/(5/2)

0.00000
03753
07530
» 11354
15248
«19233
« 23330
127556
35929
+ 36463
k172
« 45069
«51163
« 56465
«61984
6TT26
73698
« 79906
286357
» 93053
l.00000

25




8FTA = .9945R% BETA = 1.,200000

e Wl iy e o s o e e o e

S/2A = §,474848 ' 5/2A = 1.635300
AS/{BABY = L6H668T A5/ (4AB)} = L bh6OET
AS/(4ASQ) = .663057 AS/(4ASQY = LB00000 L
AS/1S5Q) = ,304B829 AS/(S5Q) = .2991l54 .
RBAROB = 4400090 RBAROB = 400000
¥4 = 4491336 1z = L52b049
ZiA RfA R/B sfA sf{8/2) ZiA RIA R/B s/A s/si2) '
0,00000 +99459  }.0p00¢  0,00000 0,00040 0,00000  1.20000  1.00000  6.00000 0.00000
L5000 95210 99750 05008 03296 05000  1,19700 «99750 05012 L3065
L10000 JSR4b% 99000 10066 06825 L10000 1.iBBOO +30000 10095 W06173
15000 97221 97750 15229 L102319 L5000 1,17300 97750 215318 L09367
L20090 +I5450 +96000 20516 213710 L20000 1.15200 L9000 $20743 12685
L25000 J§3242 £ 93750 +25995 17626 25000  1,12500 913750 26428 .16161
.30000 .90507 71000 31696 W2L091 L30000 1,09200 » 91000 + 32420 .1982%
35000 JB7275 87750 L 37651 £ 25529 L35000  1,05300 87750 .38763 L23704
L40000 .83545 84000 43899 .29759 L0000 1,D0800 84000 45691 +27618
L45000 79318 LT3750 50438 +34199 45000 95700 WTST5D +52634 .32186
500008 14594 L 15000 257318 . 3BB63 L50000 90000 15000 LB0217 36823
L550080 69372 69750 650548 +43766 55000 LB3700 60750 68281 JelT42
L60000 63653 LBa00D 2 T2145 8917 60000 76800 64000 «T6783 L456953
65000 57437 57750 +80123 .34326 JBEO0D 69300 57750 85797 W52u66
LTR000 50724 51000 +BB494 HR002 L70000 (61200 51000 +95317 .58287
75000 LA3513 43750 «97269 65952 L75000 52500 +4750 1.05351 HU423
JAD000 35805 35000 1.06457 72182 L80000 43200 36000 115901 JT0HBE
85000 27600 27750 1,16066 « TE6ST L85000 33360 27750 L.27002 77663
L90000 L 1R8%7 +19000  1.26103 185502 L0000 +27800 <19000 1.38632 LB4TTS
,95000 .00697 L00750 1.36574 32602 95000 L11700 09750  1.50806 92219
1.00000  0.,00000 0.00000 1.47485 1.00000 1.,00000 0,00000 0.,00000 1.63530 1.00000
;
BFTA = 1.000000 BFTA = 1.250000
S/2A = 1.478943 S/2A = 1675737
AS/{4AH) = .666687 AS/ L8R =  Lb666ST
AS/(4ASH) = L666647 A5/ (4ASUY = L,833313
A5/ (550) = L304794 AS/1850)F = ,2967sl
ABAROB = L%00000 ’ REBAROE = 400000
17 2 4492243 1z = 533869
FALY R/A R/B s{A s/(S/2} ZiA RIA R/B sfA s/S/)
p,00000  1.,000060 1,00000 0.0000¢ 0.0G00C 0.00000  1,25000  1.00000 0.00000  0,00000
L05000 L9570 + 99750 »05008 +03386 LO5000 1.24657 98750 . 05013 02992
L18000 99000 .99000 216066 06806 L0000 1.22750 99000 »10103 06029
£15000 +97750 2ITTSY «is5222 »10293 15060 L.22187 97750 + 15344 +09157
20000 +96000 96000 20521 13876 L20000 1.20000 26000 .20805 12015
25000 S93T50 92750 »26006 L17584 25000 1,17188 23750 226543 15840
30000 . 91000 91000 31713 W2lund L30000  1,13750 23000 +32613 19662
L35000 JB7TS0 JBTT50 37678 250716 235000 1.096&7 87750 +39057 23307 £
40000 +54000 BaliD +43929 29703 L40000 1,05000 1911 45912 227398 5
L5000 L9750 279758 50492 +34)al 45000 90647 79750 +53208 231752
50000 LT5000 15000 57390 L3880 50000 93750 75600 «+B0971 236385
55000 69750 49750 66540 43707 55000 LBTIYT 69750 69222 41309
50000 +B4000 +64000 «72261 J4BB6EO 60000 80000 56000 LTI979 246534
<A5000 257700 «51750 +BO265 JSa272 53000 +T2188 57750 +B7255 « 52069
70000 L51000 V51000 LBB6BE 59952 .70000 61750 +51000 97083 57922
L75000 2437490 43750 +97673 «65967 L T5000 54688 43759 107413 54099
LA0009 35000 36000 1.06696 JT2Eah LR0000 L4500 «36000  1.18315 + 70605
LA5000 27750 27758 116344 78667 L85000 + 34648 +27750 1,2977e s Y
.90009 13000 Li9000  1.26422 +B54B1 90000 .237%0 JE9000 1.41803 L4621
»95000 J09750 09750  1,36937 +92591 L 95000 Li2leB «09750  1.54400 92139

1,00000  0,08000  0.006000  1.4789%  1.00060 1,00000  0.00000  0.008000  1.67574  },00000



BFTA = 1.500000

o

5/24 =
45/ (4AB) =
A5/ (4ASQ) =
AS/(550) =
RBAROB =
12 =
ZIA R/A
0.00000  1,50000
L05000 1,4962%
L10000  }1,4R500
15000 b.aes25
L0000  l.4al00
L25000 1,408
L30000  L,38500
35000 [.316¢5
40000 1.28000
45000 1,19625
50000 1,12500
55000 .04625
50000 36000
J55000 BE625
70000 76500
L 15000 +65625
L80000 56000
LB5000 41625
90000 L 23500
95000 16628
1,00000  0,0n000
BETA = 1.,780000
S/2A =
AS/(4AR) =
AS/ [RASUY =
AS/{580) =
IBAROB =
1z =
ZiA R/A
0.00000  1,75040
05000 1,74562
L10000 1.7325%0
L15000 1.71062
20000 1.6R000
L25000 1.64063
30800 1.58290
+35000 1.57562
40000 1,47000
L4S000 1,39562
L50000 1.312%0
55000 1.22082
L0000 1,12000
65000 1.03082
L1000 B9250
73000 JTK563
LBT000 63000
85000 HB563
L0000 L 33290
95000 17063
1,00000  0.00000

1884213
«bBbEET
1.060000
281670
L0000
578839

R/B

100000
99750
» 95000
- 97750
296000
233750
+31000
87750
«Badop
« 79750
+ 75000
«68750
+64000
57150
+«51000
43750
« 36000
27750
+ 18000
«09750

0.000060

24100845
1566647
1.l666R7
+ 264338
400000
v026825

R/B

1.00000
« 99750
95000
+91150
96000
+ 93750
«P1000
«87750
«Ba000
79750
5000
+ 65750
+64000
«37750
251000
43750
36000
«27750
+19000
«09750

t.00000

g/A

0.,00000
«05019
«i0148
15492
21142
27177
+J3e62
P0867
48174
56277
H4982
+TR311
84281
94307

106199

1.18169

1.30824

la44]71

1.582}b6

La7296%

1.88421

8lA

0,00000
+05025
10201
+ 15663
+ 21530
+27R98
+ 14840
+42615
11111
59629
+592331
«7979]
»81028

1403055

l.15882

129520

1,43975

1489254

1475362

1492304

2.10084 °

a/(s/2)

0,00000
«F2R64
205386
08222
11221
SLIY-LY
217865
2215872
25567
+29H88
+ 34488
« 35439
«44730
«50369
« 36363
«52715
«6Fa32
«T0515
83370
«21797

L.00000

8f(8/2)

¢.00000
02392
04855
07456
10248
«13279
16584
20185
s24117
+¢8383
« 33001
37981
+43329
+ 49054
«S5160
+81651
68532
+ 15605
«B3472
«9i537
l.00000

HETA = 2.000000

S/24 = 2.323392

AS/(AAR) 3 666647

AS/{4ASQ) = 1,333333

AS/(S50) = 246998

RAAROE = 400000

¥4 = 676981

ZiA R/A R/B
0.00000  2,00000 §,0p000
+05000 1,99500 +95750
10000 1,9R000 +99000
15000 1,95500 27750
L20000 1.92000 96000
25000  1,B7500 93750
J30000 1,B2000 91000
#35000 1,75500 «B7T50
«40000  1,6R400 «B4000
45000 1,59500 79750
L50000  1.50000 + 75000
55000 1,3350¢0 +5075¢0
80000 1,28000 «b4000
+65000 1,15500 +57750
70000 )1,02000 «51000
75000 LB7500 43750
«B0000 72000 +35000
+B5000 455500 27750
50000 +38000 +19000
95000 19500 09750
1,00000  0.00000  0,0n000

BFTA = 2.250000

S/24 = 2.550388

AS/ (4AR) = L, B&EERT

AS/ 445G = 1,500000

AS/{S8Q) = 230614

RBAROB 5 La00000

¥4 = JT28840

ZiA R/A R/B
0,00000 2,25000 1.00000
»05000 2. 24437 e 33750
L0006 2.227%0 «99000
L18000  2,19937 +9775¢0
200006 216000 + 96000
25000 2,10%38 +93750
30000 2,04750 31000
L35000 1,97437 87750
40000 1,B3000 84000
245000 b, 79437 19750
250000 1,6ATSO S 750060
53000 k.56937 +65750
50000 Y, 44000 64000
65000 ),.29937 57750
L70000 3,1a750 +51000
15000 +9R&38 +43750
B0GOD 81000 +35000
85000 62638 27750
50000 LHPTED 19000
L 35000 21938 08750
1.00000  0,00080  (.90000

s/A

R.00009
+ 05033
Jloesi
+ 15857
«21965
«28695
36330
244333
453348
63211
73967
+85578
98118

l.1158}

1,25978

1.641316

1.57603

1,74844

1493044

" 2.12208

2e32339

s/A

G.00000
05042
10328
s16072
s2244]1
+£956(
+37518
2456273
56187
+ 55979
+ 18779
291607

1054748

1220403

1.36293

183455

1.71595

1490819

2411132

2432637

255037

s/(8/2)

0.00000
D266
94416
06825
«09454
«ER350
15551
+19081
22961
227206
31827
« 36833
42230
+H8025
54222
60823
«67833
+ 75254
283087
«21336

l.00060

s/{3/2)

G.o0pod
S01977
+ 04050
«G8302
+0B739
11591
+14T711
16185
22031
+ 26263
« 30889
«35919
41358
47210
53480
+60170
HT282
» 74820
+B2785
« 91178

1.00000

27
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BETA =

s/
a5
AS
AS
RB
17

ZiA

0.00000
05000
10060
35000
20000
«25600
30000
35080
43000
45000
50000
«S5000
60000
53000
L1000
+ 15009
80000
25000
L3000
35000

1,06000

Note:

2.5000n90

2A
FATY 3]
s 14A50QY
1550
AROB

L2 R[N T T

R/A

2.50000
2,4937%
2.47500
Ce45375
240000
2436375
2.27500
2.15375
Z.b0000
1.94375
I.57500
L.74375
1.60000
1.44375
1.271500
1.0937%

30000

+69375

L4T500

226375
D.00000

These are computer generated tables,

2.180754
SLHEERT
1666667
215538
2400006
2782062

RIB

Ls0nooo
+99750
295000
<9750
«26000
«23750
«SEODD
«BTTS0
«840040
« 79750
« 75000
«85750
-64000
«STTS0
«51000
+%3750
«36000
+27750
19000
+00750

Ua0800

sfA

0.00000
+05052
210402
4156306
22956
« 30486
38989
+4B53)
+59158
70901
83787
+97823

1,33053

1.29459

1.47059

i+ 85861

1.85871

2.07054

2.295233

2,53193

2.78075

sf(5/2)

0.00000
«01817
03741
05844
08255
«10963
<4021
«17453
21274
25897
A0E3E
«J5182
» 40655
P 45555
32845
+ BY646
66842
JTh4T4
«8254%
33052

1.000060

symbels available on the printer,

The labels used in these tables are made up from

n




APPENDIX C

DETAILS OF THE ANALYSIS

The procedure for calculating k for a given B is to start with

Eq. (3) in the body of this report and rewrite it in the form

6 = 2k - 81 - kDyp(K). (C1)

For a given g, k is varied until G is less than some prescribed value.

For the work reported here the final values of G were required to be

510_13. The actual calculations were done in a series of subroutines

in the computer code TROPA using. the standard Newton-Raphson technique.
In order to calculate the variables in Eq.'s (6), (8), (11), (12)

and (13) in the body of the repoxrt, it is necessary to derive expressions

for the troposkien arc lengths and the swept area As.

In Ref. 1, the equation relating the incremental troposkien arc

length and the z coordinate is given as

d(z/a) 2 la (C2)
Integrating this gives
z/a
2.2 2
s Q z
s (- e - 1] Je(2). (C3)

The constant terms can be evaluated directly; however, the term containing

(;:fzis a little involved. Taking the expression for {z/a) from Ref, 1,
b

7K - 7ok (C4)

29




30

from which

(%) V1P aresk) Vi - i

- - = (C5)
dg Q do Wi - k% sin @

In these expressions, the gquantity ¢ is defined in Eg. (2),
sin ¢ = (%). {(C8)

Substituting for d(f) from Eq. (C5) and (%) from Eq. (¢6) into Eq. (A3)

R -1(r)
_ sin i3
5 . + 92@2 z . Q§2V1 - kz k2 sin2 @ ae .
L+ * 7 75 (C7)
a ‘ a 2k Vio- i sin o

/2
(4)

Substituting for (?) from Eq. {CL4) and evaluating the integral” °,

5 - (1 + 93@3)-5V1 - kzl%(ﬁ'k) - F(¢;kﬂ

2 0 2°
22 T2 -
o 1 - k T, . . .

From Eq. (Al9) in reference 1,

Vi - k2 1
= * (CQ)
v )

Substituting this into Eq. (C8),



Py

From Eq. (Al3) in Ref. 1,

%l - %

. (C11)
22 -
Substituting this into Eq. (€10},
2 T F(¢;k '
§= 3 T [E(g;k) - E(¢;k)] + —%—’-’l -1 (C12)
(1 -k )F(-z—;k) F(-zv;k)

This is Eq. (6) in the body of the paper. The normalized troposkien length

§/a is obtained by evaluating Eq. (ci2), at the end point ¢ = 0,

N 14)]
3]
n

*|

4 E;k
Lﬁ ) E(z ) "y (C13)

0 (1 - kz)F(g-;k)

The swept area AS is given in integral form in Ref. 1 as

/2
A = 4abf cos f.‘b[l - E-(%'—kl]dab. _ (C14)
4 7(Fsk)

31
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This can be separated into

_T/2
A = bab - _éémia«f cos ¢ F(¢;k)de. (C15)
. ‘l-k) §

The integral in this last equation can be integrated by parts.

Let u

i

sin ¢ du = cos 9dg

F(;k) dv = j¢ : (C:16)
Vﬁ -k sin ¢

<
N

Then, sinace

fvdu = yv —fudv {(C17)

/2 /2 1/2
f cos @ F(¢;k)d® = sin ¢ F(¢;k)
o]

- 0t gy (C18)
V& - k7 sin ¢

The integral on the right-hand side of this equation is given in Gradsteyn

and Ryzhik(s) as
/2
f = “dp = - sk cos ¢ + Ao sin? o
Jl - k szn ¢ o
} 1l 1l -k .
T 22&2”(1 n k) (C19)
Substituting this into Eq. {C18)
w/2
1 1 1 -k
f cos @ F(¢;k)yde = F(E;k) + Q-?{-En(l " k) (C20)

o}



%,

and therefore, from Eq. (C15)

Lab

A = -

<

Keeping inrmind that B = b/ﬁ, it

(8), (11), (12), and (13) in the body
of Eq.'s (c12), (c13), (c21), and (3)

( . 2)[E(ggk)1“

g A\l -k

ZkF(%;k)

m(2E5). (c21)

is now possible to.eXpress Eq.'s
of this report by simple combinations
as follows;

2(630] + 2309 - B(F¢

/ . i
(s/2) (1—%~ZE)E(§;k)- F(%{k):_ B

Lo 2E(85) - (1= KOF($iK)
2E(§;k) - (1 - kz)F(g;k)

(C22)

This is Eq. (5) in the body of this report. From Eq. (C21)}

Aé i + k)

R T,
Gab zky@;k)m(l -k

(C23)

and from Eq.'s (C23) and (9),

,.-A_EdA—S.—-BHAS Zk
432 4ab Lab (1 - kz)F(%;k)

1

(C24)

Therefore,

s _ 1 £n(l + k) (25
A ¥ L I )

33
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Eq.'s {C23) and {¢25) are Eq.'s (11) and (12), respectively. Also, from

Eq.'s {€13) and (C25),

n,  senlit) o - o3 |
s> (1 - kz)yz(g;k) azlhﬁ(ggk) - 2(1 - kz)F(ggk)]z :

(1 - kz)ﬂn(l t t)
{C28)

This is Eq. (13) in the body of the report.
can be calculated from the expression for

The tension coefficient CT
: ' 2

¢ as follows.

T

1 2
Solve Eq. (18B) for fmax/(bw )

Tmax 2(1 + kz)_ 3282 (1 + kz) .
7 =P 2 2 2 (cam
8w 4k (s ) 4k
4--.-.—
2a
o 2
Divide through by S°,
2 2)
max _ 1 =3 (1 + Kk (C28)

Substituting for 3 from Eq. (3) and for §/(2a) from Eq. (7) into Eq. (28)

yields

T 2
1
max _ _ _ + k (C29)

s &[ZE(gik) - (1 - kz)F(g;k)]z
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Substituting for & from Eq. (19) gives the expression

A 1+ K2

& =
st?  428(Tx) - 1 - kz)F(%;k”z (C30)

This is Egq. (23) in the text.

The mass moment of inertia about the axis of rotation is defined by

s/2
2
Iz 26/ r ds {C31)
-8/2
which may be written as
+1
2
- 8pl 8 r s
I, =2%b 5 f(b)d s\l (C32)
-1 2
and since the integrand is symmetric,
1
se 2 ri2 { s
Iz = &b Sf(g) d“‘g"]. (C33)
0 2 :

d....._........
S dE(2;k) 2, dF(¢:k
Bl s o e
3 (C34)

and hence
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2 ., 2 1/2 2 1
2[1-1( sin Q§} - (1 - %)
: 1 - 2 2 1/2

k™ sin ¢ a
. - @ (C'35)
2E(§;k) - (1 - K)F T%;k)

1

d

-

—
2
2

Substituting for d{ 2 } from Eq. (C35) into Eq. (C33) and noting that when

)

——
Nun[

U

nafon

s/{%) =0, ¢ = /2 and when s/( 1, ¢ = 0 and also that

1

%‘ sin g, (C36)

the equation for the normalized moment of inertia becomes

.(.'2 [1 - sin’ ¢}1/2 CRE T 1/2)
' 1 - «* sin’ ¢l i¢. (C37)

/2
Iz_ f sinng |
2g 23(%;1{) L a - kZ)F("z-’-;k)

From Ref.'s 6 and 4,

~/~sin2 0 h - kz sin2 ®11/2d¢ = - % sin ¢ cos @[1 - kz sin2 o) 2
2 2 .
+ l—-l%- F(2;k) + 3-15“"-5"'1' E(®;k) (C38)
3k 3k
and
f sin2 o) 1
_ dg = =x|F(¢;k) - E(g3k)| . (C39)
[1 <12 sint o|H? K2
Substituting from these last two equations into Eq. {c37) and evaluating
the results at the limits gives
, , (- k%) F Fz-;k) - (1t kz}E(g-;k)
= (C40)
spls 3t (1 - KF(Gsk) - 28(Fsk)

prac
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Although Iz is normalized by 6b25 in this equation, no consideration has
yet been given as to whether this is a useful scaling. One way to look at

the problem is to recall the equation for the net torque about the z axis,

This isa
dp _ (1 2 _ .
T, = (2 PaY )bAS¢Q “ . ' (Ce1)

where pa is the air density, CQ a torque coefficient for the turbine and

Q, is the torque the load exerts on the turbine. Then

2
: p Ve
dw /1 2 1 3 a Q] 1 -
de ~ (2 PaY )Cq( i /L, [ 25 I %1, (C4a2)
baA ) {%A !
s S .

Since the first factor on the right has the dimensions of lftz, it contains

the dimensional part of dw/dt, so that the quantity Iz/(ébAS) can be considered
as a non~dimensional scaling factor for the magnitude of duw/dt. This seems to
indicéte that this last facto? islprobaﬁly the normalized form of Iz which

is of practical interest, Proceeding along these lines, multiply Eq. {cho)

through by bS/As, and write the result in the form

2 1 2.1
(1 = kKDF{3:k) - (1 + kK)E{ 5k
YT - 2(2 T)T —— bikd , (C43)
s 6k ( s)( s) (1 - k,)F(E;k) , 2E(§~;k)

Substituting for B from.Eq. (3), for Aslsz from Eq. (13) and for §/(2a)
from Eq. (7) gives an expression for iz/(ébAS) which is é function of k only,

which for N blades is
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2. _im 2 T
(- AFLE) - a4+ BESk
1 F(z ) + E(z ) . (cas)

&
NobA, 3K(1 - kz)ﬂ,n(i LX)

This is Eq. (24) in the text.

The r coordinate of the centroid r of the area under the troposkien

in the first and fourth quadrants can be written symbolically as

=1 [fran (C45)

From Fig. 1, the incremental area can be expressed by

dA = 2zdr, {C45)
Rewriting Eq. {CL5) in terms of Eq. (Ck6),
b
- 4
T o= *A'“f rzdr (C4am)
s
0
which can be normalized to
i
r 1 ryzy.(c .
P (As )f (E)(:{)d(b) (C48)
Zab/ ©

Substituting for z/a from Eq. (1) and sin ¢ for r/b into Eq. {Cu48)

with the appropriate limits for ¢ gives

X

and replacing the limits on 5
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s

/2

-E-(Zz-g) &f gin ¢ cos lel - Eg%‘-@— do
A F(gsx)

/2

= % - 1 f sin ¢ cos ¢ F{(¢;k)de.
iy
F(3s

The last integral can be integrated by parts. Let

u = = %- cos 2¢; du = sin 2¢d¢,

1 dg
\/1 - k2 sin2 )]

v = F(¢ik); dv =

Then, from

n/2 ' m/2
Jsin ¢ cos 9 F(9:10d0 = 5 fsin 20F(dk) 0
[ o m/2 :
/2
= %[— "él" cos 2¢F(¢;k)} -+ ‘3: f T%ﬂszgf
o p 1 -k sin
/2
2 2
i 1 cos ¢ - sin” @
= 7 7(34)

4 = do.
“D Vi - k% sin” o

(C49)

(C50)

(C51)

(C52)

(C53)

The last integral is given in References L and T, with the aid of which Eq.

(c53) can be reduced to
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11/2

“/.sin b cos @ F(oik)dg = % F(E"k) ; L%m% E{%;k) ”(1 -2k
Kk

]

Substituting from this equation into Eq. (Ch9) and substituting for

AS/(Aab) from Eq. (11) gives

This is Eq. (25) in the text.

(C54)

{C55)

p—



APPENDIX D

CALCULATIONS ASSOCIATED WITH THE
APPROXIMATING PARABOLA

The parabolas of concern here are represented by the equation

5)- o] - ()] o)

a

The area under the parabola in the first quadrant nbrmalized by 32 is

1 1

A 2
S f (=elz) oS - (2]t -2 w2
' o 0
The swept area is then
A A .
a a

The arc length Sp is obtained from

21/2 . .

- 1[2) - S by
21/2 1/o o4
SR e ST IRPLT A B

The total normalized length Sp/s. is obtained by evaluating Eg. (Di) at

-,
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11/2 { 1/2}

S 8
s . p 2 1 ) -
. mzal _[14,43 +28£nlza+[1+&a| ) (D)

lzfa=1

The length and area ratios corresponding to those calculated for the

troposkien are easily obtained from Eq.'s (D3), (D4}, {D5) and from the

definition of 3. These are

. 5 112 ( L2 1/2)
ZoaElp G ] w1 L oo
S 1/2 1/2
5 = -21-11 + 432' + -4175 Zn {23 + 11 + 43 ; (D7)
2 1/2 ‘ 1./21
| s’E)] cfemp@El[ieet]
(s /2) ~ 2112 S 5 1/2} (D8)
2[1 + 48 t + 5 EnIZB + :1 + 43 ] ‘
A A 8a 1 2
el il b il (D9)
La ™y
fsp .28
273 (D10)
4a
A 3252
’ﬁg = 1/2 ; 2'1/21 2 (D11)
Sp 3(?8[1 + 49 J + EnIZB + il + 43 J f)



o,

.

The normalized moment of inertia can be derived from

: 6f(—§-‘°-)' :

Lop r-ds (D12)
S
)
2
3
2
2
a
= 26f r2ds = 26] r® g—g dz (D13)
) )
From the differential for the arc length,
- 1/2
JJie 2 -
as fdr d a
& L&) N AW (D14)
a
Since
r z
a” B[* - (3) (D15)
& |
a._ _ z
] 28(2). (D16)
a
Substituting from this last equation into Eq. (D14) and then substituting
the resulting expression for (ds/dz} and for (r/a) from Eq. (D15) into
Eq. (DL3) and changing the variable of integration to z/a, gives
3o zy2]* PP |
Izp = 20a aj; [1 - (;) ] [}. + 4B (-a-)} d(;) {D17)
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By expanding the first term in the integrand, the integral can be expressed
as the sum of three integrals which are listed in any of several standard

tables of integrals. The result of this integration is

1/2 : _ 1/2
2 1_ 5 1 3.l 1 1 2

I =}1+ 43 {—-- - + |+ + zn(23+ 1+ 43 )
ZP [ | } ® 9632 2565%) [45 328> 51255] [ ’

(D18)

In order to compare the results obtained for the moment of inertia of the
troposkien with those obtained for the parabola, Eq. (D18) must be normalized

by 6bASP. The result is

1/2
T 2 1/2
%Epzllg%J 1-52~34]+§—[%+12+ 14£n(23+[1+432j )
sp 163 1283 B 163° 2568
(D19)
where the expression for Asp/(4a2) has been substituted from Eq. {DLC}.
The centroid of the area under the parabola in the first and fourth
quadrants can be obtained from
b
- 4
r_o= m— rzdr. {D20)
P Asp
o
Substituting for z into Eq. (D20) from Eq. {D15) and replacing § by b/a,
9 1 1/2
T - Abafxyly _(x x
s T A ,/n(b)[l (b)} d(b)
8P,
2
_ 16 b’ a
=158 (D21)
sp
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Substituting for Asp from Eq. (D9) into this last equation and dividing

the result by b gives the expression for the normalized radius of
gyration as

UI’UH |
1

(D22)
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